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Abstract
Unitarity of scale-invariant coupled theory of higher-derivative gravity and matter is investigated.
A scalar field coupled with dirac fermion is taken as matter sector. Following the idea of induced
gravity Einstein-Hilbert term is generated via dynamical symmetry breaking of scale-invariance.
The renormalisation group flows are computed and one-loop RG improved effective potential of
scalar is calculated. Scalar field develops a new minimum via Coleman-Weinberg procedure in-
ducing Newton’s constant and masses in the matter sector. The spin-2 problematic ghost and the
spin-0 mode of the metric fluctuation gets a mass in the broken phase of theory. The energy-
dependence of VeV in the RG improved scenario implies a running for the induced parameters.
This sets up platform to ask whether it is possible to evade the spin-2 ghost by keeping its mass
always above the running energy scale? In broken phase this question is satisfactorily answered
for a large domain of coupling parameter space where the ghost is evaded. The spin-0 mode can
be made physically realisable or not depending upon the choice of initial parameters. Induced
Newton’s constant is seen to vanishes in ultraviolet. By properly choosing parameters it is possible
to make the matter fields physically unrealisable.
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I. INTRODUCTION
Finding a well-defined and mathematically consistent theory of quantum gravity is one of
the most important problems of theoretical physics. Moreover, finding experimental evidence
validating or falsifying one is equally hard. Presently there are several models of quantum
gravity which are aimed at studying the quantum nature of space-time and investigating
physics at ultra-high energies. Recently a minimalistic model in the framework of four
dimension quantum field theory (QFT) in lorentizian space-time was investigated, which
was shown to be renormalizable to all loops [1, 2], and was recently shown to be unitary
[5, 6] (see also references therein). This then offers a sufficiently good and simple model of
quantum field theory of gravity whose arena can be used to investigate physics at ultra-high
energies.
Here in this paper, motivated by the results of [2–8] we study the scale-invariant higher-
derivative gravitational system coupled with matter fields. These constitute interesting
systems. The scale-invariant purely gravitational sector consist of only dimensionless cou-
plings. This makes the theory perturbatively renormalizable to all loops in four space-time
dimensions by power-counting [9, 10] (for classical picture of these theories see [1, 11]). Cou-
pling this with scale-invariant matter sector doesn’t change the picture. The resulting theory
is still perturbatively UV renormalizable in four dimensions due to lack of any dimensionful
parameter. Classically the matter sector however has local conformal invariance, which is
broken under quantum corrections due to conformal anomalies (local and non-local) [12, 13].
The interesting thing to note here is that in this quantum theory the counter terms gen-
erated still possess scale invariant structure (due to lack of any dimensionful parameter in
theory) [14]. This therefore preserves the renormalizability of theory [2], even though trace
anomalies are present.
Scale-invariant gravitational systems coupled with matter have been investigated in past.
Some of the first studies were conducted in [4, 9, 10, 15, 16], where the renormalisation
group running of various couplings was computed and fixed point structure was analysed.
Further investigation for more complicated systems were done in [17–22] (see also the book
[23]). Matter coupling with conformal quantum gravity along with Gauss-Bonnet term were
investigated in [24, 25]. Recently it has gained some momentum and these models have been
reinvestigated [26, 30–33]. The purpose in these papers were to see if it is possible to generate
a scale dynamically starting from scale-invariant system. In [26] the authors called their
model ‘Agravity’, where Planck scale is dynamically generated from the vacuum-expectation-
value(VeV) of potential in Einstein frame (not in Jordan frame). By this they achieve a
negligible cosmological constant, generates Planck’s mass, and addresses the naturalness
[26, 27] and inflation [28], but unitarity issues was not explored 1. In [30–33] the authors
studies the issue of dynamical generation of scale via dimensional transmutation in the
presence of background curvature. This also induces Einstein-Hilbert gravity and generates
Newton’s constant, but unitarity problem was not addressed. An interesting idea has been
suggested in [34, 35] by assuming an analogy with QCD, where the authors addresses the
problems of ghost and tachyon using the wisdom acquired from non-perturbative sector of
QCD, as is argued that the gravitational theory enters a non-perturbative regime below the
1 In [29] a quantum mechanical treatment of 4-derivative theories was suggested, which when suitably
extended can tackle more complicated field theoretic systems. This can perhaps address issues of ghost
and unitarity in a more robust manner.
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Planck scale.
The ideas of induced gravity goes long back. It was first proposed in [36, 37], where the
quantum matter fluctuations at high energy generate gravitational dynamics at low energy
inducing cosmological and Newton’s gravitational constant. Another proposal suggested in
[38–40] induces Einstein gravity spontaneously via symmetry breaking along the lines of
Higgs mechanism. Later in [41–45] the idea of generation of Einstein gravity via dynamical
symmetry breaking was considered, following the methodology of Coleman-Weinberg [46].
In [45], metric fluctuations were also incorporated in the generation of induced Newton’s
constant. Around the same time induced gravity from weyl-theory was also studied [47–49].
Phase-transitions leading to generation of Einstein-Hilbert gravity due to loop-effects from
conformal factor coupled with scalar field were studied in [50]. In [51, 52] the renormalization
group improved effective-potential of the dilaton leads to running of VeV inducing masses
(along with Einstein-Hilbert gravity). Furthermore the authors make a proposal along lines
of [3, 4] to tackle ghost and tachyons. Cosmological consequences of these models were
explored in [53, 54].
In this paper we therefore study scale-invariant gravitational and matter coupled systems
in (4 − ǫ) dimensional regularisation scheme. The beta-functions are computed and com-
pared with the past literature. The one-loop RG improved effective potential for the scalar
field is computed by incorporating the quantum fluctuations of both matter and gravity
[55]. The scale invariance is broken dynamically when the scalar-field φ acquires a VeV via
Coleman-Weinberg mechanism [46]. This in turn induces gravitational Newton’s constant,
cosmological constant and masses in the matter sector. We work in lorentzian signature
and take the sign of C2µνρσ (Weyl tensor square) to be negative, keeping the sign of R
2 term
(where R is Ricci-scalar) to be always positive (this is done to avoid tachyonic instabilities).
These choice of signs further allows necessary convergence in feynman +iǫ-prescription by
suppressing fields modes with large action in the lorentzian path-integral. The sign of the
Rφ2 term is taken negative, so to generate the right sign of Newton’s constant and to avoid
tachyonic instabilities in the broken phase. The negative sign of C2µνρσ term is taken in order
to satisfy the unitary criterion as stated in [5, 6]. In this case we no longer have asymptotic
freedom as has been observed in euclidean case in [9, 10, 16, 26, 30–33]. The VeV generated
in RG improved effective potential has running, and therefore induces running in Newton’s
constant and masses of matter fields. Due to the generation of Einstein-Hilbert term in the
action, the propagator of metric fluctuations in the broken phase gets modified, and the
modes acquires mass. In this broken phase we investigate the problem of spin-2 ghost by
probing the running of its mass along the lines of [5, 6] 2.
The outline of paper is following. In section II the divergent part of the effective action
is computed in (4 − ǫ) dimensional regularisation scheme. The beta-function are obtained
from it. In section III one-loop renormalisation group improved effective potential for the
scalar field is computed by incorporating quantum corrections from gravitational and matter
degrees of freedom. In section IV the breaking of scale-invariance is studied via Coleman-
2 These studies are conducted in the perturbative framework around the gaussian fixed point and is therefore
different from studies done in the asymptotic safety scenario [56], where the RG running of couplings were
computed using functional-renormalization group in euclidean signature [57–62], with spectral positivity
[63] and ghost [64, 65] issues analysed around a non-gaussian fixed point. Present work is also different
from the recent studies done in the direction of finite and ghost free non-local quantum field theories of
gravity [66–69], in the sense as it doesn’t incorporates non-local features.
3
Weinberg mechanism, which in turn induces gravitational Newton’s constant and masses in
the broken phase. RG equation for VeV is derived, which induces a running in the generated
Newton’s constant and masses. In section V a prescription to avoid spin-2 massive ghost
is given, where a procedure to pick the right set of initial conditions is stated. In section
VI numerical analysis is done to give evidence showing that there exist a large domain of
coupling parameter space where spin-2 massive ghost can be made physically unrealisable.
Finally in section VII conclusions are presented.
II. RG RUNNING
In this section we compute the renormalisation group running of the various coupling
parameters present in our scale-invariant theory. We start first with the formalism and
compute the various diagrams that contain UV divergences. These are then used to write
the beta-function of the various coupling parameters. We start by considering the path-
integral of the coupled system (~ = c = 1)
Z =
∫
DγµνDφDψ¯Dψ exp
[
i
(
SGR + Smatter
)]
, (1)
where SGR and Smatter are given by
SGR =
1
16π
∫
ddx
√−γ
[
− 1
f 2
(
RµνR
µν − 1
3
R2
)
+
ω
6f 2
R2
]
,
Smatter =
∫
ddx
√−γ
[
1
2
∂µφ∂
µφ− λ
4
φ4 − ξ
2
Rφ2 + ψ¯ (iγµDµ − ytφ)ψ
]
, (2)
where the coupling parameters f 2, ω, λ, ξ and yt are all dimensionless, and the geometric
quantities (curvature and covariant-derivative) depends on metric γµν . In the fermionic
part of action, the Dirac gamma matrices are defined via tetrads and inverse tetrads (γµ =
ea
µγa, γµ = e
a
µγa), and Dµ is the spin-connection covariant derivative.
Dµ = ∂µ − i
2
σcdωµcd . (3)
Here greek indices denote the space-time index, while the latin indices denote the internal
lorentz index, and σcd = i/4[γc, γd]. The internal indices are raised and lowered using internal
metric ηab. For torsionless manifold the spin-connection can be expressed in terms of the
christoffel connection Γµ
α
ν (which can be re-expressed again in terms of tetrads) as,
ωµ
ad =
1
2
[
eaρ(∂µe
d
ρ − ∂ρedµ)− edρ(∂µeaρ − ∂ρeaµ) + ebµeaρedν(∂νebρ − ∂ρebν)
]
. (4)
The dimensionless nature of coupling f 2 and ω/f 2 results in a fully dimensionless scale-
invariant coupled action.
We study the diffeomorphism invariant action of the coupled system using background
field method [70, 71] in (4− ǫ) dimensional regularisation scheme. It is advantageous, as by
construction it preserves background gauge invariance. The field is decomposed into back-
ground and fluctuation. Keeping the background fixed the path-integral is then reduced to
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an integral over the fluctuations. The gravitational metric field is decomposed into back-
ground and fluctuation, while the tetrads (and its inverse) are expressed in powers of this
fluctuation field. The matter fields are similarly decomposed. The gauge invariance of the
full metric field is then transformed into the invariance over the fluctuation field. To prevent
over-counting of gauge-orbits in the path-integral measure, a constraint is applied on this
fluctuation field, which results in appearance of auxiliary fields called ghosts. The effec-
tive action generated after integrating over the fluctuation and auxiliary fields still enjoys
invariance over the background fields.
The quantum metric is written as
γµν = g¯µν + hµν , (5)
where g¯µν is some arbitrary (but fixed) background and hµν is the metric fluctuation. The
full action can be expanded in powers of hµν . The path-integral measure over γµν is then
replaced with measure over hµν . Integrating over the fluctuation field implies that in some
sense they will appear only as internal legs and never as external legs. The background gauge
invariant effective action formalism allows to choose a particular background for the ease of
computation. In particular writing g¯µν = ηµν +Hµν (while still keeping Hµν generic) allows
one to use the machinery of the flat space-time QFT, thereby giving a particle interpretation
to the internal (hµν) and external (Hµν) legs, in the sense that the former behaves as virtual
particle, while the later is the corresponding external particle. In this manner one can
compute the effective action for the external leg Hµν . Alternatively one can expand the
full action around flat space-time directly, calling the fluctuation to be h′µν though. This is
a highly non-linear gauge theory with infinite number of interactions terms (however their
couplings are related to each other by diffeomorphism invariance). Then following the usual
strategy of background field method and writing h′µν = Hµν + hµν , it is quickly seen that
Hµν is the external leg corresponding to the virtual particle given by hµν . Integrating over
quantum fluctuations hµν then gives the effective action in terms of Hµν field.
One can then set-up Feynman perturbation theory by expanding the original action in
powers of hµν and Hµν . Similarly writing the scalar and fermion fields as
φ = ϕ+ χ , ψ¯ = θ¯ + η¯ , ψ = θ + η , (6)
one can expand the action in powers of fluctuations χ, η and η¯. The piece which is quadratic
in only fluctuations (hµν , χ, η and η¯) gives the propagator while all the other terms gives the
interactions vertices. In one-loop approximation the terms which are exclusively quadratic
in fluctuations are retained, all other terms which involve higher powers of fluctuations (hµν ,
χ, η and η¯) contribute in higher-loops and will be ignored here. In-fact for computing
the running of all matter couplings (except ξ) it is sufficient to consider the situation with
Hµν = 0. However, in the case for computing running of ξ, terms up-to (and at-least) linear
in Hµν should be retained. Similarly if one is interested in studying behaviour or R
2 and
RµνR
µν then one should at-least retain terms up-to quadratic in Hµν .
A. Gauge Fixing and Ghosts
The path-integration over the gravitational field is ill defined. This is a general feature
of gauge theories where the gauge invariance (diffeomorphism invariance for gravity) relates
two field configuration by gauge transformation. Such field configuration will contribute
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equally to the path-integral. However this will lead to over-counting. To prevent such
over-counting, gauge-invariance needs to be broken by constraining the gauge field. This
procedure of systematically applying the constraint leads to ghost, which are elegantly taken
care of by the Faddeev-Popov prescription [72].
However in this style of breaking the invariance one may wonder whether the gauge (or
diffeomorphism) invariance emerges in the effective action. To make sure that the effective
action obtained after integrating out the fluctuation field is gauge invariant, background field
method is followed. It is a method (and procedure) which guarantees that the effective action
constructed using it will be background gauge invariant. Below we describe the procedure
for gauge-fixing in the background field method.
The diffeomorphism invariance of the full action in eq (2) implies that for arbitrary vector
field ǫρ, the action should be invariant under the following transformation of the metric field
variable,
δDγµν = Lǫγµν = ǫρ∂ργµν + γµρ∂νǫρ + γνρ∂µǫρ , (7)
where Lǫγµν is the Lie derivative of the quantum metric γµν along the vector field ǫρ. De-
composing the quantum metric γµν into background (g¯µν) and fluctuation (hµν) allows one
to figure out the transformation of the fluctuation field while keeping the background fixed.
This will imply the following transformation of hµν .
δDhµν = ∇¯µǫν + ∇¯νǫµ + ǫρ∇¯ρhµν + hµρ∇¯νǫρ + hνρ∇¯µǫρ , (8)
where ∇¯ is the covariant derivative whose connection is constructed using the background
metric. This is the full transformation of the metric fluctuation field. Ignoring terms which
are linear in hµν allows one to investigate only the one-loop effects. These ignored terms are
however mandatory when dealing with higher-loop effects. The invariance of the action is
broken by choosing an appropriate gauge-fixing condition implemented via Faddeev-Popov
procedure.
The gauge fixing action chosen for fixing the invariance under the transformation of the
metric fluctuation field is given by,
SGF =
1
32πα
∫
ddx
√−g¯
(
∇¯ρhρµ − 1 + ρ
d
∇¯µh
)
Y µν
(
∇¯σhσν − 1 + ρ
d
∇¯νh
)
, (9)
where α and ρ are gauge parameters, while Yµν is either a constant or a differential operator
depending upon the gravitational theory under consideration. For the theory considered here
in eq. (2), we consider higher-derivative type gauge fixing with Yµν = (−g¯µν¯ + β∇¯µ∇¯ν),
where ¯ = ∇¯µ∇¯µ. Choosing ρ = −1 and β = 0 correspond to Landau gauge condition.
Taking α→ 0 imposes the gauge condition sharply.
The ghost action is obtained following the Faddeev-Popov procedure [72]. In general if
the gauge-fixing condition on the gravitational field hµν is written as Fµ = 0 (which here is
Fµ = ∇¯ρhρµ − 1+ρd ∇¯µh), we introduce it in the path-integral by multiplying the later with
unity in the following form,
1 =
∫
DF ǫµ (det Y )
1
2 exp
[
i
32πα
∫
ddx
√−g¯F ǫµY µνF ǫν
]
, (10)
where F ǫµ is the gauge transformed Fµ. As Y
µν contains derivative operator, therefore its
determinant is non-trivial. The original path-integral (without gauge-fixing) being invariant
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under transformation eq. (8) of the field hµν implies that a change of integration variable
from hµν to h
ǫ
µν doesn’t give rise to any jacobian in the path-integral measure. However
replacing the measure over F ǫµ with measure over ǫ
ρ introduces a non-trivial jacobian in the
path-integral. This is obtained as follows,
dF ǫµ =
∂Fµ
∂ǫρ
dǫρ ⇒ DF ǫµ = det
(
∂Fµ
∂ǫρ
)
Dǫρ . (11)
In the background field formalism this jacobian consist of background covariant derivative,
background and fluctuation fields, and is independent of the transformation parameter ǫρ.
This implies that it can be taken out of the functional integral over ǫρ. Changing the inte-
gration variable from hǫµν to hµν , and ignoring the infinite constant generated by integrating
over ǫρ, gives us the gauge fixed path integral including the determinant.
The functional determinant appearing in eq. (11) can be exponentiated by making use
of appropriate auxiliary fields. Writing the functional determinant (det Y )1/2 as (det Y ) ×
(det Y )−1/2, allows to combine the former with the Faddeev-Popov determinant in eq. (11),
which is then exponentiated by making use of anti-commuting auxiliary fields, while the
later (det Y )−1/2 is exponentiated by making use of commuting auxiliary fields. The former
auxiliary fields are known as Faddeev-Popov ghosts, while those in later case are known as
Nielsen-Kallosh ghosts [73, 74]. The path integral of the full ghost sector is given by,∫
DC¯µDCνDθα exp
[
−i
∫
ddx
√−g¯
{
C¯µ
(
Y µν
∂Fν
∂ǫρ
)
Cρ +
1
2
θαY
αβθβ
}]
, (12)
where C¯µ and Cν are Faddeev-Popov ghost fields arising from the gauge fixing in the gravita-
tional sector, and θµ is the commuting ghost arising due to fact that Yµν contains derivatives.
In the case when Fµ is given as in eq. (9), the Faddeev-Popov ghost action is given by,
SFPgh = −
∫
ddx
√−g¯C¯µXµρCρ , (13)
where,
Xµρ = (g¯
µν¯+ β∇¯µ∇¯ν)
[
∇¯ρ∇¯ν + g¯νρ¯− 2(1 + ρ)
d
∇¯ν∇¯ρ
+∇¯ρhσν∇¯σ + ∇¯σ∇¯ρhσν + ∇¯σhνρ∇¯σ + hνρ¯+ ∇¯σhσρ∇¯ν + hσρ∇¯σ∇¯ν
−1 + ρ
d
(
∇¯ρh∇¯ν + ∇¯ν∇¯ρh+ 2∇¯νhσρ∇¯σ + 2hσρ∇¯ν∇¯σ
)]
. (14)
Here the last two lines contains terms linear in hµν . These are not relevant in doing one-
loop computations, but at higher-loops they are important. In the following we will ignore
ghost contributions completely as they are not relevant in the computation of the running of
matter couplings, while the running of gravitational couplings are taken from past literature
[5, 6, 16, 26, 78].
B. Gravitational Field Propagator
The propagator for the gravitational field is obtained by expanding the gravitational
action around the flat space-time up-to second order in the fluctuation field hµν . By de-
composing the fluctuation field in terms of various components and writing them using the
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projection operators (P µνρσ2 , P
µνρσ
1 , P
µνρσ
s , P
µνρσ
sw , P
µνρσ
ws and P
µνρσ
w ) as given in appendix B,
we note that this second variation can be expressed in a neat form in momentum space in
the following manner,
δ2SGR =
1
32π
∫
ddq
(2π)d
hµν
[
− q
4
2f 2
P µνρσ2 +
q4ω
f 2
P µνρσs
]
hρσ . (15)
Moreover the gauge-fixing action can be similarly expressed by using the projection opera-
tors,
SGF =
1
32πα
∫
ddq
(2π)d
hµν q
4
[
−1
2
P µνρσ1 +
1− β
d2
{
(1 + ρ)2(d− 1)P µνρσs
+(d− 1− ρ)2P µνρσw −
√
d− 1(1 + ρ)(d− 1− ρ) (P µνρσsw + P µνρσws )
}]
hρσ . (16)
By writing the gauge-fixing action in terms of the projection operators allows us to see
clearly which modes of the field are affected by the gauge-fixing. For example the spin-2
mode is not affected at all by the gauge-fixing condition. Interestingly it should be noted
that there is another gauge-invariant mode of the field which arises due to the action of spin-s
projection operator on the hµν field (see appendix B). However under harmonic type gauge-
fixing condition this mode doesn’t remain completely unaffected. Only for some particular
gauge choices this mode is not affected by the gauge-fixing condition. Landau gauge being
one such choice ρ = −1, β = 0, α = 0. In this gauge choice only the purely longitudinal
modes are gauge fixed. In this gauge the propagator for the metric fluctuation field is the
following,
Dµνρσ = (∆−1G )
µνρσ = (16π)
f 2
q4
(
−2P µνρσ2 +
1
ω
P µνρσs
)
=
∑
i
Yi(q
2)P µνρσi , (17)
where Yi are the propagators for the various spin-components:
Y2 = −(16π)2f
2
q4
Ys = (16π)
f 2
ωq4
. (18)
Here ∆µναβG is the inverse propagator for the hµν field including the gauge fixing and is
symmetric in µν and αβ. As the propagator is 1/q4, it doesn’t allow to be decomposed
further via partial fractions. Here the first term in eq. (17) arises due the presence of C2µνρσ
part of action, while the later comes from the R2 part. In this form it is not clear how the
unitarity will be satisfied.
C. Formalism
We employ the background field formalism and decompose the metric and matter fields
as in eq. (5 and 6) respectively, where we choose the background space-time to be flat. In
order to do the one-loop computation the action is expanded up-to second powers of the all
fluctuation field (hµν , χ, η and η¯). This will result in various vertices and propagators that
8
are required for the one-loop analysis. The second variation of the matter action is given by
the following,
δ2Smatter =
1
2
∫
ddx
[(
1
4
h2 − 1
2
hµνh
µν
){
1
2
∂αϕ∂
αϕ− λ
4
ϕ4
}
− 1
2
hhµν∂µϕ∂νϕ
+hµαhα
ν∂µϕ∂νϕ− 1
2
ξϕ2
(
h∂µ∂νh
µν − hh− 4hµν∂µ∂ρhρν + 2hµνhµν + 2hµν∂µ∂νh
−2∂ρhρσ∂µhσµ + 2∂ρhρσ∂σh+ 3
2
∂µh
ρσ∂µhρσ − 1
2
∂µh∂
µh− ∂σhρµ∂ρhσµ
)
−λϕ3hχ + h∂µϕ∂µχ− 2hµν∂µϕ∂νχ− 2ξχϕ(∂µ∂νhµν −h) + ∂µχ∂µχ− 3λϕ2χ2
]
+
∫
ddx
[{(
1
8
h2 − 1
4
hαβh
αβ
)
δρ
µ − 1
4
hhρ
µ +
3
8
hρ
αhα
µ
}
θ¯iγρ∂µθ
+
i
4
θ¯γρ[γα, γβ]θ
{
−1
4
hα
σ∂ρhβσ +
1
2
∂α(hβσh
σ
ρ) +
1
2
hα
σ∂σhβρ − 1
2
h∂αhβρ
}
−ytϕ
(
1
8
h2 − 1
4
hαβh
αβ
)
+ η¯
{
i
2
γρ(hδρ
µ − hρµ)∂µ − i
4
γρ[γα, γβ]∂αhβρ − 1
2
ytϕh
}
θ
+θ¯
{
i
2
γρ(hδρ
µ − hρµ)∂µ − i
4
γρ[γα, γβ]∂αhβρ − 1
2
ytϕh
}
η + η¯(iγρ∂ρ − ytϕ)η
−yt
(
χη¯θ + χθ¯η +
1
2
hχθ¯θ
)]
. (19)
The various vertices and matter propagators are written in detail in appendix C. Having
obtained the second variation giving propagator and the vertices, we set forth by considering
the path-integral over the fluctuation fields. In this case the zeroth order term will be
independent of the fluctuation fields and can be taken out of the path-integral. The linear
term can be removed by doing field redefinition. In general, terms proportional to equation of
motion can be removed by doing field redefinition. Such a redefinition will give rise to a trivial
jacobian from the functional measure. The quadratic piece can now be investigated easily
by putting together all the field fluctuations in the form of a multiplet ΦT = (hµν , χ, η
T , η¯).
Using this the path-integral can be written in a more compact form as,
Z[J] = exp
[
i
(
SGR(g¯) + Smatter(ϕ, θ¯, θ)
)]∫
DΦ exp
[
i
∫
ddx
(
1
2
ΦT ·M · Φ+ ΦT · J
)]
,
(20)
where J = {tµν , t, ρ, ρ¯T} is the source multiplet which couples with the fluctuation field
multiplet Φ =
(
hµν , χ, η
T , η¯
)
. The super matrix M is given by
M =


∆µνρσG + V
µνρσ + Uµνρσ V µνhφ (V
µν
hψ )b (V
T
hψ¯
)µνb
V ρσφh ∆s − Vs (Vφψ)b (V Tφψ¯)b
(V Tψh)
ρσ
a (V
T
ψφ)a 0 (∆
T
F )ab + (V
T
ψ¯ψ
)ab
(V ρσ
ψ¯h
)a (Vψ¯φ)a (∆F )ab − (Vψ¯ψ)ab 0

 . (21)
From the generating functional Z, one can define the one-particle-irreducible (1PI) generat-
ing functional Γ = W [J]−∫ ddx〈ΦT 〉·J, whereW [J] = −i lnZ[J] and 〈ΦT 〉 is the expectation
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value of ΦT field. The 1PI generating functional is also the effective action containing the
quantum corrections. In the one-loop approximation (which we are considering here), one
can perform the functional integral over the super-field Φ thereby giving an expression for
the one-loop effective action to be,
Γ1−loop[Φ] = SGR(g¯) + Smatter(ϕ, θ¯, θ) +
i
2
STr lnM , (22)
where the first two terms correspond to tree-level diagrams while the last term contains
one-loop quantum corrections. The appearance of generalised trace ‘STr’ means that
STr
(
a α
β b
)
= Tr(a)− Tr(b) . (23)
In the following we will be computing the divergent pieces present in the STr lnM. There are
various ways to compute the one-loop quantum corrections. The most common methodology
to do is via Feynman diagrams after computing vertices and propagator. Here we will follow
a slightly different strategy of computation via evaluation of functional determinant. We
start by writing M = ∆+V, where the former ∆ contains the various propagator while the
later V contains various vertices. They are given by,
∆ =


∆µνρσG 0 0 0
0 ∆s 0 0
0 0 0 (∆TF )ab
0 0 (∆F )ab 0

 ,V =


V µνρσ + Uµνρσ V µνhφ (V
µν
hψ )b (V
T
hψ¯
)µνb
V ρσφh −Vs (Vφψ)b (V Tφψ¯)b
(V Tψh)
ρσ
a (V
T
ψφ)a 0 (V
T
ψ¯ψ
)ab
(V ρσ
ψ¯h
)a (Vψ¯φ)a −(Vψ¯ψ)ab 0

 .
(24)
Pulling out ∆ from the expression forM allows to expand the residual expression (I+∆−1·V)
(where I is a generalised identity in super-field space) under the logarithm in a perturbative
manner as follows,
STr lnM = STr ln∆ · (I+ V) = STr ln∆ + STr[V− 1
2
V
2 +
1
3
V
3 − 1
4
V
4 + · · ·
]
. (25)
Here V = ∆−1 ·V is given by
V =


(∆−1G )
µνρσ(V + U)ρσαβ (∆
−1
G )
µνρσ(Vhφ)ρσ (∆
−1
G )
µνρσ(Vhψ)cρσ (∆
−1
G )
µνρσ(V T
hψ¯
)cρσ
∆−1s (Vφh)αβ −∆−1s Vs ∆−1s (Vφψ)c ∆−1s (V Tφψ¯)c
(∆−1F )ab(Vψ¯h)bαβ (∆
−1
F )ab(Vψ¯φ)b −(∆−1F )ab(Vψ¯ψ)bc 0
(∆−1F )
T
ab(V
T
ψh)bαβ (∆
−1
F )
T
ab(V
T
ψφ)b 0 (∆
−1
F )
T
ab(V
T
ψ¯ψ
)bc

 .
(26)
It should be mentioned here that so far we took background metric to be flat with Hµν = 0.
This is enough to compute the counter-terms involving quantum gravity corrections to all
matter couplings including their anomalous dimensions. If we had included terms with
Hµν 6= 0, then it is also possible to compute the counter-term proportional to Rϕ2. But
here for simplicity we keep Hµν = 0, and the counter-term proportional to Rϕ
2 will be
computed using methodology of heat-kernels (HK) later. Heat-kernel method is quick, as
the HK coefficients have already been computed in past [75–78]. Besides, it also gives an
alternative check on the computation done using feynman diagrams. For flat background
the term STr ln∆ is irrelevant, but it is not so if the background is non-flat for which case
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FIG. 1: Various diagrams containing divergences at the tadpole level. Here the dashed line
represent scalar field, solid line with arrow represent fermion field while double-line represent hµν -
field. The first two graphs are purely matter ones, while the other four graphs contain quantum
gravity corrections.
this gives purely curvature dependent divergent contributions. Such contributions have been
computed elsewhere in literature [16, 78] and here we will just take their results.
In the following we will be computing the various graphs that are giving quantum gravity
corrections to the running of the matter couplings and the fields anomalous dimensions.
D. Graphs
Here we will be computing the various graphs that contain divergent contributions. These
are basically the terms in the series expansion given in eq. (25), which will be evaluated
one by one. The first term of the series contain tadpole graphs (those having single vertex),
the second term of series has bubble graphs (those having two vertices), the third term of
the series are triangle graphs containing three vertices while the fourth term of series are
square graphs with four vertices. The series has infinite number of graphs, but the divergent
ones are only present in the first four terms of the series expansion, and below we will be
computing them.
1. Tadpole
These set of graphs arises from the first term of the series in eq. (25) which is STr(V) =
STr(∆−1 ·V). Here the super-trace takes care of trace over bosonic and fermionic part, and
includes the trace not only over field space but also over lorentz indices. This will imply the
following,
STrV = Tr [V11 + V22 − V33 − V44]
= Tr
[
(∆−1G )
µνρσ(V + U)ρσαβ −∆−1s Vs + (∆−1F )ab(Vψ¯ψ)bc − (∆−1F )Tab(V Tψ¯ψ)bc
]
. (27)
Here the first term contains graphs having an internal graviton line, while the next three
terms contains the usual diagrams which are present without gravity. The former gives
quantum gravity contribution. The set of graphs present in the tadpole order are shown in
figure 1.
Each of these diagrams can be evaluated using the vertices given in appendix C2. Here
we will write their contribution. However, the last three terms in eq. (27) vanish in scale-
invariant theory. The gravitational ones are complicated and lengthy as the vertices are
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cumbersome. Below we write this
Tr
{
(∆−1G )
µνρσVρσαβ
}
=
1
4
∫
ddx
[
d− 4
2d
(∂ϕ)2 − λ
4
ϕ4
] ∫
ddp
(2π)d
{−(d − 2)(d+ 1)Y2
+(d− 3)Ys
}
+
(d− 2)ξ
8
∫
ddxϕ2
∫
ddp
(2π)d
p2 {(d+ 1)Y2 − 2Ys} . (28)
For the other one there is more algebra as it involves Dirac-matrices. Here we will write the
expression after performing the lorentz and Dirac matrix algebra. This is given by,
Tr
{
(∆−1G )
µνρσUρσαβ
}
=
(d− 2)(d+ 1)
4
∫
ddx
[
3− 2d
2d
θ¯iγα∂αθ + ytϕθ¯θ
] ∫
ddp
(2π)d
Y2
+
∫
ddx
[
d2 − 5d+ 5
4d
θ¯iγα∂αθ − d− 3
4
ytϕθ¯θ
] ∫
ddp
(2π)d
Ys . (29)
The momentum integrals can be evaluated in the (4− ǫ) dimensional regularisation scheme
and the divergent piece can be singled out easily. The divergent piece of all the above tadpole
contribution is,
ΓTaddiv = −
µǫ
16π2ǫ
M2
Z
[
λ
8
(
10 +
1
2ω
)∫
ddxϕ4 −
(
25
8
+
1
16ω
)∫
ddxθ¯(iγµ∂µ)θ
+5yt
(
1 +
1
4ω
)∫
ddxθ¯ϕθ
]
, (30)
where M2/Z = 16πf 2 is introduced for convenience.
2. Bubble
These set of graphs arise from second term in eq. (25) which is −1/2STr(∆−1 ·V)2. Here
again the super trace is evaluated as before. This will imply,
STrV2 = Tr
[(
V
2
)
11
+
(
V
2
)
22
− (V2)
33
− (V2)
44
]
. (31)
Here each of the term will contain several diagrams, but only few contain the divergences that
are relevant for our purpose. These diagrams contain two vertices. They can be classified
in three categories: (a) those with two internal graviton lines, (b) those with one internal
graviton and one internal matter line and (c) those with two internal matter lines. The set
of diagrams are shown in figure 2.
Each of these diagrams can be evaluated using the vertices given in appendix C2. The
super-trace given in eq. (31) contains lot of diagrams, but not all contain UV divergence.
Here we will mention only the ones having the UV divergences. These come from,
Tr
[
∆−1s Vs∆
−1
s Vs + 2∆
−1
s (Vφψ)c(∆
−1
F )cd(Vψ¯φ)d + 2∆
−1
s (V
T
φψ)c(∆
−1
F )
T
cd(V
T
ψφ)d
−(D−1F )ab(Vψ¯ψ)bd(∆−1F )de(Vψ¯ψ)ec − (D−1F )Tab(V Tψ¯ψ)bd(∆−1F )Tde(V Tψ¯ψ)ec
+
(
∆−1G
)µνρσ
Vρσαβ
(
∆−1G
)αβθτ
Vθτµ′ν′ + 2
(
∆−1G
)µνρσ
(Vhφ)ρσ∆
−1
s (Vφh)µ′ν′
+2
(
∆−1G
)µνρσ
(Vhψ)ρσc(∆
−1
F )cd(Vψ¯h)dµ′ν′
+2
(
∆−1G
)µνρσ
(V Thψ¯)cρσ(∆
−1
F )
T
cd(V
T
ψh)dµ′ν′
]
. (32)
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FIG. 2: Various diagrams containing divergences with two vertices. Here the dashed line represent
scalar field, solid line with arrow represent fermion field while double-line represent hµν -field. Here
the graphs on the first line are purely matter ones. The second and third line contain graphs having
quantum gravity corrections.
From the various terms written in eq. (32) the first two lines contain diagrams which are
purely matter ones and correspond to the diagrams shown in first row of figure 2, while
the last two lines contain diagrams having quantum contributions and correspond to the
diagrams shown in last two rows of the figure 2. The trace is over the Lorentz and space-
time indices. After performing the algebra over Dirac matrices and doing the contraction of
the tensors we get the simplified expression involving momentum integrals. The divergent
contributions of the purely matter diagrams is,
i
16π2
1
ǫ
[
9λ2
∫
d4xϕ4 + 2y2t
∫
d4x
{
θ¯i/∂θ + 2∂µϕ∂
µϕ
}]
. (33)
The diagrams containing the internal graviton legs are bit complicated, as it involves lengthy
Dirac matrix algebra and tensor manipulations. For doing these we have used various tricks
to extract the divergent piece and also used MATHEMATICA packages (xAct [79], xTras
[80] and FEYNCALC [81]). Below for simplicity we will mention only the divergent piece
of these diagrams to evade unnecessary complications, while some of the details will be
mentioned in the appendix. The diagrams with internal graviton line has the following
contributions
i
16π2
1
ǫ
[{
ξ2
4
(
M2
Z
)2(
5 +
1
ω2
)
+
6ξλM2
Zω
}∫
d4xϕ4 +
3
8
M2
Zω
∫
d4x∂µϕ∂
µϕ
+
M2
Zω
{
9
4
∫
d4xθ¯i/∂θ + 3(2ξ − 1)yt
∫
d4xϕθ¯θ
}]
. (34)
Here the first row contains contributions to the scalar sector, while the second row contain
contributions to the fermion sector. The former correspond to diagrams of the second row
in figure 2, while the later correspond to diagrams in the third row of figure 2 respectively.
Putting together the full contribution of the bubble kind of diagrams, we get contribution
to the one-loop effective action of the diagrams having two vertices. This is given by,
ΓBubdiv = −
1
16π2
1
ǫ
[{
2y2t +
3M2
16Zω
}∫
d4x∂µϕ∂
µϕ+
{
9λ2
2
+
3ξλM2
Zω
13
FIG. 3: Various diagrams containing divergences with three vertices. Here the first graph is
purely matter oriented and gives correction to yukawa coupling. The next two diagrams are giving
correction to ϕ4 coupling. They are only present in the quantum gravity context. The last two
diagrams are giving quantum gravity correction to the yukawa coupling.
+
1
2
(
ξM2
2Z
)2(
5 +
1
ω2
)}∫
d4xϕ4 +
(
y2t +
9M2
8Zω
)∫
d4xθ¯i/∂θ
+
3(2ξ − 1)yt
2
M2
Zω
∫
d4xϕθ¯θ
]
. (35)
3. Triangular Graphs
These diagram are generated from the third order terms in the series of eq. (25), 1/3STrV3
where
STrV3 = Tr
[(
V
3
)
11
+
(
V
3
)
22
− (V3)
33
− (V3)
44
]
. (36)
These diagrams have three vertices and consist of graphs which are either purely matter
oriented or ones which include a mixture of matter and gravity. These graphs give correction
to vertex: either to ϕ4 or to yukawa vertex ϕθ¯θ. On expansion we will see that there are
many diagrams but we will consider those which carry divergent pieces and give correction
to running couplings. Here we will only mention the trace pieces which will be carrying the
divergences, however in principle there will be many more diagrams. The relevant terms
in the trace which will be of relevance can be guessed by looking at the set of third order
diagrams in figure 3. These are given by,
3Tr
[
∆−1s (V
T
φψ¯)a(∆
−1
F )
T
ab(V
T
ψ¯ψ)bc(∆
−1
F )
T
cd(V
T
ψφ)d −∆−1s (Vφψ)a(D−1F )ab(Vψ¯ψ)bc(∆−1F )cd(Vψ¯φ)d
+
(
∆−1G
)µνρσ {
(Vhφ)ρσ∆
−1
s (Vφh)
αβ
(
∆−1G
)
αβθτ
V θτγδ − (Vhφ)ρσ∆−1s Vs∆−1s (Vφh)αβ
+(Vhφ)ρσ∆
−1
s (Vφψ)a(∆
−1
F )ab(Vψ¯h)bαβ + (Vhφ)ρσ∆
−1
s (V
T
φψ¯)a(∆
−1
F )
T
ab(V
T
ψh)bµν
+(Vhψ)aρσ(∆
−1
F )ab(Vψ¯φ)b∆
−1
s (Vφh)αβ + (V
T
hψ¯)aρσ(D
−1
F )
T
ab(V
T
ψφ)b∆
−1
s (Vφh)αβ
−(Vhψ)aρσ(∆−1F )ab(Vψ¯ψ)bc(∆−1F )cd(Vhψ)dαβ
+(V Thψ¯)aρσ(∆
−1
F )
T
ab(V
T
ψ¯ψ)bc(∆
−1
F )
T
cd(V
T
ψh)dαβ
}]
. (37)
Here the first line correspond to set of diagrams of purely matter type, while the rest of terms
contain quantum gravity corrections. The second line contribute to running of ϕ4 coupling
while the rest of the terms correspond to the running of yukawa coupling. Interestingly while
doing the computation involving fermions it is noticed that not all of terms are non-zero.
The divergent contributions of these diagrams and corresponding their contribution to the
effective action is given by,
ΓTrianglediv = −
1
16π2
1
ǫ
∫
d4x
[(
2y3t −
3M2ξ
Zω
yt
)
ϕθ¯θ +
(
9M2
Zω
λξ2 +
3M4
2Z2ω2
ξ3
)
ϕ4
]
. (38)
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FIG. 4: Various diagrams containing divergences with four vertices. Here there are only two
diagrams. The first one is purely matter while the second one contain quantum gravity correction.
Both give correction to the ϕ4 coupling.
4. Square Graphs
These set of contribution arise at fourth order of the perturbative expansion given in the
series eq. (25) and comes from −1/4STrV4. Here again the super-trace is given by,
STrV4 = Tr
[(
V
4
)
11
+
(
V
4
)
22
− (V4)
33
− (V4)
44
]
. (39)
These diagrams consist of four vertices and all of them contribute to the running of ϕ4
coupling. There are only two diagrams at this order. One is purely matter type, contains
a fermion loop with four external scalar legs, while the other one contains quantum gravity
correction. The trace can be expanded as before and consists of large number of graphs but
the ones containing the divergences are only two. These are the following,
2Tr
[−(∆−1F )ab(Vψ¯ψ)bc(∆−1F )cd(Vψ¯ψ)de(∆−1F )ef(Vψ¯ψ)fg(∆−1F )gk(Vψ¯ψ)kl
+
(
∆−1G
)µνρσ
(Vhφ)ρσ∆
−1
s (Vφh)
αβ
(
∆−1G
)
αβθτ
(Vhφ)
θτ∆−1s (Vφh)γδ
]
. (40)
Here the former term is purely matter and contains a fermion loop, while the second term
contain virtual gravitons. Considering as before just the divergent part and their corre-
sponding contribution to the effective action, we find that,
ΓSquarediv = −
1
ǫ
1
16π2
(
−2y4t +
9M4
2Z2ω2
ξ4
)∫
d4xϕ4 . (41)
5. Rϕ2 divergence
Here we compute the divergence proportional to Rϕ2. There are two ways to compute it.
The first is via computation of feynman graphs and second via heat kernel. Conceptually
both are same and give same results, however the later is quicker. In each case we break the
metric γµν appearing in path-integral is written as in eq. (5). In the former the background
is further written as ηµν + Hµν (see also paragraph following eq. (5)). Here Hµν will act
as external graviton for the corresponding internal leg hµν . The action is then expanded
under this decomposition. This way we get additional vertices. The vertices in the previous
section are the ones for which Hµν = 0. If Hµν 6= 0 then we get contributions which contains
dependence on external graviton leg, and if there are derivatives acting on Hµν , then those
will give terms proportional to background curvature. This was employed in [26].
Alternatively, one can take the background metric g¯µν to be maximally symmetric and
compute the contributions proportional to background curvature using Heat-Kernel. This
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will project directly the contribution proportional to R¯ϕ2. We use the heat-kernel method-
ology to compute the one-loop divergence proportional to R¯ϕ2. The matter fields are de-
composed as in eq. (6), but this time we take background matter fields to be constant. The
fluctuation metric hµν is further decomposed into various components as
hµν = h
TT
µν + ∇¯µξν + ∇¯νξµ + ∇¯µ∇¯νσ −
1
4
g¯µν¯σ +
1
4
g¯µνh , (42)
where
hTTµ
µ = 0 , ∇¯µhTTµν = 0 , ∇¯µξµ = 0 . (43)
This decomposition of hµν introduces jacobians in the path-integral, which can be cancelled
by redefining the fields as
ξˆµ =
√
−¯ − R¯
4
ξµ , σˆ =
√
−¯
(
−¯− R¯
3
)
σ . (44)
Under this decomposition the Hessian for the fluctuation fields is obtained on a maximally
symmetric background. This will be same as in eq. (20), except now M will be different.
The multiplet Φ also gets modified ΦT =
(
hTTµν , ξˆµ, σˆ, h, χ, η
T , η¯
)
. As the background matter
fields are constant, therefore the fermion sector is completely decoupled with mixing of
fermion fluctuation field with metric and scalar fluctuations. This is not so when background
matter is not constant. On the maximally symmetric background metric with constant
background matter the matrix M is given by (in the Landau gauge ρ = −1)∫
ddx
√−g¯ΦTMΦ =
∫
ddx
√−g¯
[
hTTµν ∆2(h
TT )µν + ξˆµ∆1ξˆ
µ
+
(
σˆ h χ
) Sσˆσˆ Sσˆh SσˆφShσˆ Shh Shφ
Sφσˆ Sφh Sφφ



 σˆh
χ

+ 1
2
η¯∆1/2η − 1
2
ηT∆T1/2η¯
T
]
, (45)
where
∆2 =
{
− Z
M2
¯2 +
(
−ξϕ2 + (3 + 2ω)ZR¯
3M2
)
¯
4
+
(
λϕ4
8
+
ξR¯ϕ2
6
+
(1 + ω)ZR¯2
36M2
)}
,
∆1 =
{
¯2
α
+
R¯¯
4α
+
λϕ4 + ξR¯ϕ2
4
}
,
Sσˆσˆ =
[(
3
α
+
Zω
M2
)
3¯2
16
+
(
6αξϕ2 + 21R¯
64α
)
¯+
3λϕ4
32
+
3ξR¯ϕ2
32
+
3R¯2
64α
]
,
Shσˆ = Sσˆh =
√
−¯
(
−¯ − R¯
3
)[(
1
α
− Zω
M2
)
3¯
16
+
3R¯− 6αξϕ2
64α
]
,
Sσˆφ = Sφσˆ = −3ξϕ
4
√
−¯
(
−¯− R¯
3
)
, Shφ = Sφh =
(3ξ¯− ξR¯− 2λϕ2)ϕ
4
,
Shh =
[(
1
α
+
3Zω
M2
)
¯2
16
+
{(
1
α
+
4Zω
M2
)
R¯
64
+
3
32
ξϕ2
}
¯− λϕ
4
32
]
,
Sφφ = −¯− ξR¯− 3λϕ2 ,
∆1/2 = (iγ
µ∇¯µ −m− ytϕ) , ∆T1/2 = (−iγTµ∇¯µ −m− ytϕ) . (46)
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We will not be considering the contribution for the ghost here, as they will not contribute
at one-loop to the term proportional to R¯ϕ2. The one-loop effective action is given by,
Γ(1) =
(d+ 1)(d− 2)i
4
Tr ln∆2 +
(d− 1)i
2
Tr ln∆1
+
i
2
Tr ln

det

 Sσˆσˆ Sσˆh SσˆφShσˆ Shh Shφ
Sφσˆ Sφh Sφφ



− iTr ln∆1/2 . (47)
These functional traces can be tackled using heat-kernel [75–78]. One can compute the
divergent part of the effective action from this. Since the background matter fields are not
constant therefore this will however not be able to give the anomalous dimensions of the
matter fields. However, the anomalous dimension has already been computed earlier using
feynman diagram therefore it will not be considered again here. Here we will just look the
divergent contribution proportional to R¯ϕ2, which is given by,
ΓRϕ
2
div = −
1
16π2ǫ
[
λ
2
(1+6ξ)+
1
3
y2t+
M2
Zω
ξ
48
(7+120ξ+144ξ2)−5M
2
6Z
ξω
]∫
d4x
√−g¯R¯ϕ2 . (48)
Here the first two terms arise due to matter loop while the rest of terms contain quantum
gravity corrections. This is in agreement with [26].
E. Effective action and Beta Functions
Once we have computed all the relevant graphs at various order of the perturbation theory
and their divergent contributions, it is easy to put them together to write the divergent part
of effective action and collect all the pieces together. The divergent part of the full effective
action is given by,
Γ
(1)
div = −
1
16π2ǫ
∫
d4x
[(
3M2
16Zω
+ 2y2t
)
(∂ϕ)2 +
{
9λ2
2
− 2y4t +
5M2
8Z
(
2λ+
M2
Z
ξ2
)
+
M2
Zω
λ
16
(1 + 48ξ + 144ξ2) +
M4
8Z2ω2
ξ2(1 + 6ξ)2
}
ϕ4 +
{
λ
2
(1 + 6ξ) +
1
3
y2t
+
M2
Zω
ξ
48
(7 + 120ξ + 144ξ2)− 5M
2
6Z
ξω
}
Rϕ2 +
{
y2t −
25M2
8Z
+
17M2
16Zω
}
θ¯i/∂θ
+
{
2y3t +
5M2
Z
yt − 5M
2
4Zω
yt
}
ϕθ¯θ
]
. (49)
Once the divergent part of the effective action is written it is easy to compute the beta-
function of the various couplings by incorporating the effect of the wave-function renormal-
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isation. These are given by,
ηϕ =
d lnZϕ
dt
=
1
16π2
[
3M2
8Zω
+ 4y2t
]
, (50)
ηψ =
d lnZψ
dt
=
1
16π2
[
y2t −
25M2
8Z
+
17M2
Zω
]
, (51)
dλ
dt
=
1
16π2
[
18λ2 + 8λy2t − 8y4t +
λM2
Z
(
5 +
(6ξ + 1)2
ω
)
+
M4ξ2
2Z2
(
5 +
(6ξ + 1)2
ω2
)]
,(52)
dξ
dt
=
1
16π2
[(
ξ +
1
6
){
4y2t + 6λ+
2M2ξ
Zω
(3ξ + 2)
}
− 5M
2
3Z
ξω
]
, (53)
dyt
dt
=
yt
16π2
[
5y2t +
15M2
8Z
]
, (54)
where t = ln(µ/µ0) (µ0 is a reference scale) and d/dt = µd/dµ. Here Zϕ and Zψ is the
wave-functional renormalisation of scalar and fermion field respectively, while ηϕ and ηψ is
the corresponding anomalous dimension. The beta-functions obtained here agree fully with
[26, 27], while there is partial agreement with [23, 82–86]. For completeness we also include
the running of gravitational couplings which has been taken from past literature [16, 78].
These are given by,
d
dt
(
Z
M2
)
= − 1
16π2
[
133
10
+
Ns + 6Nf
60
]
, (55)
d
dt
(
Zω
M2
)
=
1
16π2
[
5
3
ω2 + 5ω +
5
6
+ 3Ns
(
ξ +
1
6
)2]
. (56)
We will be doing the RG analysis of the couplings and exploring the issue of unitarity later.
III. EFFECTIVE POTENTIAL
Here we compute the effective potential for the background scalar field ϕ which gets
contributions not only from matter fields but also from gravitational sector.
To compute the effective potential for scalar, the background scalar field is taken to be
constant. This is sufficient to compute the effective potential. The quantum gravitational
fluctuations are considered around a flat background. The fermion fields are likewise de-
composed into a constant background (which for simplicity is taken to be zero θ¯ = θ = 0)
plus fluctuations. This simplifies the computation very much. As the ghost action doesn’t
depend on the background scalar field ϕ, therefore there is no contribution by the ghost
to the effective potential, and hence will be ignored in the following. Once the full second
variation of the action is performed, we have the hessian needed to compute the one-loop
effective potential. This can be obtained directly from eq. (45) by putting background
R¯ = 0 and replacing background covariant derivative with partial derivative. Being on flat
background allows the freedom to work directly in momentum space.
Moreover, in flat space-time the transverse-traceless decomposition of hµν given in eq.
(42) can be rewritten in an alternative form. In this new decomposition the field components
σ and h of hµν are replaced by s and w. These new fields s and w are related to old ones in
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the following manner
s =
h−σ
d
, w =
h+ (d− 1)σ
d
. (57)
The advantage of doing this transformation is to bring out the scalar mode which remains
invariant under diffeomorphism transformation stated in eq. (8). The field s is therefore
gauge invariant, while the field w is longitudinal. So the decomposition of hµν has two gauge-
invariant components hTTµν and s, with two longitudinal components ξˆµ and w. Furthermore,
on flat space-time one can also use the set of orthogonal projectors to project hµν on various
components hTTµν , ξˆµ, s and w (see appendix B). In terms of new field variables, the hessian
mentioned in eq. (45) can be rewritten (for R = 0) in a more transparent manner to see
clearly the gauge-dependent and gauge-independent part. The hessian for hTTµν and ξˆµ remans
same, while the mixing matrix of σˆ, h and χ gets rotated due to field transformation stated
in eq. (57). The new mixing between the field variables s, w and χ has a simplified structure.
Moreover, this transformation of field variable is unaccompanied by any non-trivial jacobian
in the path-integral. The one-loop effective potential is therefore obtained from a simplified
hessian,
Γ(1) =
(d+ 1)(d− 2)i
4
Tr ln
{
− Z
M2
2 − ξ
2
ϕ2+
λ
4
ϕ4
}
+
(d− 1)i
2
Tr ln
{
2
α
2 +
λ
2
ϕ4
}
+
i
2
Tr ln

det

 Sss Ssw SsφSws Sww Swφ
Sφs Sφw Sφφ



− iTr ln(iγµ∂µ − ytϕ) , (58)
where the entries of the scalar mixing matrix are,
Sss = (d− 1)
[
(d− 2)Zω
M2
2 +
(d− 2)
2dM2
ξϕ2− (d− 3)λ
8
ϕ4
]
,
Ssw = Sws = −(d − 1)λ
8
ϕ4 , Ssφ = Sφs = −(d− 1)ϕ
[
2ξ− λϕ2] ,
Sww =
2
α
2 +
λ
8
ϕ4 , Swφ = Sφw = −λϕ3 , Sφφ = −2− 6λϕ2 . (59)
From the entries of mixing matrix we clearly notice that Sss, Ssw, Ssφ doesn’t depend on
gauge parameter. The only gauge dependence is in Sww.
For a generic case with an arbitrary field variable, the one-loop hessian can be written
in the form (−−m2) (where is m2 contain background field contributions and couplings).
In this case the effective potential is given by the general formula
V
(1)
eff =
ds(m
2)2
64π2
(
ln
m2
µ2
− 3
2
)
, (60)
where ds is the factor coming due to the degrees of freedom of the field. The term 3/2
in the bracket can be absorbed by rescaling µ2 as µ¯2 = µ2e3/2. By exploiting this generic
formula one can write the contribution to the effective potential from the various field
modes of the metric fluctuation field, the scalar and the fermion field. In the case for spin-2,
the differential operator responsible for the contribution can be factored and has the form
(−− A1ϕ2)(−−A2ϕ2) where A1 and A2 are given by,
A1 = −2
√
π
[√
f 2(4πf 2ξ2 + λ)− 2√πf 2ξ] ,
A2 = 2
√
π
[√
f 2(4πf 2ξ2 + λ) + 2
√
πf 2ξ
]
. (61)
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respectively. Here both A1 and A2 are dimensionless. It should be noted that for positive λ,
A1 is negative while A2 are positive. If the sign of ξ is reversed, the roles of A1 and A2 gets
interchanged. A negative A1 is tachyonic in nature. This is a source of instability in the
effective potential and will give imaginary contribution to the effective potential. Plugging
A1ϕ
2 and A2ϕ
2 for the m2 in the expression for the effective potential in eq. (60) and
summing the two, we get the contribution of the spin-2 mode to the effective potential.
This imaginary piece though is an infrared effect. It is an indication that background
chosen for doing the computation is not stable, and is a generic feature of gravity coupled
with scalar field in flat space-time at zero temperature [19, 23]. This is same as the insta-
bility seen in the gas of graviton at finite temperature, an indication that flat space-time
is unstable. This issue has been throughly investigated in past in [87, 88]. This kind of
tachyonic mode will create issues with unitarity, but this one is different from the unitarity
issue caused by the ghost of higher-derivative gravity, in the sense that the former is an IR
problem and has no affect on the UV physics, while the later does affect the UV physics
also. Since we are interested in sorting out the problem of unitarity caused by ghosts of
higher-derivative, therefore we study only this by focusing on the real part of the effective
potential, as the imaginary piece is relevant in IR and deals with tachyonic instability only.
This is an important realisation as it decouples the two problems: (a) problem of unitarity
caused by higher-derivative ghosts, and (b) problem of unitarity caused by tachyons. This
paper deals with the former problem.
The contribution of the spin-0 mode is a bit complicated as it involves the scalar mixing
matrix. We need to compute the determinant of this mixing matrix and then compute the
effective potential of the operator so obtained from this matrix determinant. The operator
obtained after matrix determinant is following,
−3 − 3ϕ2
[
M2ξ
Zω
(
ξ +
1
6
)
+ λ
]
2 +
M2
16Zω
λ(24ξ + 1)ϕ4− 9M
2
16Zω
λϕ6 . (62)
This operator is a cubic polynomial in − and will therefore have three roots. The nature
of roots can be analysed using the discriminant ∆ of the equation formed by putting the
cubic polynomial in (62) to zero. We write
d0 = 1, d1 = −3ϕ2
[
M2ξ
Zω
(
ξ +
1
6
)
+ λ
]
, d2 = − M
2
16Zω
λ(24ξ + 1)ϕ4, d3 = − 9M
2
16Zω
λϕ6,
∆ = 18d0d1d2d3 − 4d31d3 + d21d22 − 4d0d32 − 27d20d23 . (63)
If ∆ > 0 then all roots are real, if ∆ = 0 then there is a multiple root, and ∆ < 0 then roots
are complex. The operator in eq. (62) can be factorised as (−−B1ϕ2)(−−B2ϕ2)(−−
B3ϕ
2) where B1, B2 and B3 are dimensionless. As the product of roots B1B2B3 is positive
and B1B2 + B2B3 + B3B1 is negative, therefore this will imply that when ∆ > 0 then two
roots will be negative. If ∆ = 0, then there is a multiple root with negative sign. In the
case when ∆ < 0 there is a pair of complex conjugate root with negative real part and a
positive real root. The cases with ∆ ≥ 0 has roots carrying negative sign, while for ∆ < 0
the complex conjugate pair has a negative real part. In all these cases the roots can be
written as
B1 = a, B2 = −reθ, B3 = −re−θ . (64)
In the case when ∆ > 0, θ is positive and real, in ∆ = 0 case θ = 0, while in ∆ < 0 case
θ is imaginary. The factor of −1 in the parametrisation of roots can also be exponentiated
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as eiπ. This factor is the source of tachyonic instability and will give rise to an imaginary
contribution in the effective potential. This is similar to the instability caused in spin-2 case
and is an indication that flat space-time is not a true vacuum [87, 88]. The contribution to
the effective potential from the scalar sector is now easily computed using the generalised
expression given in eq. (60). This is done by replacing m2 in eq. (60) with B1ϕ
2, B2ϕ
2 and
B3ϕ
2, and summing all together. Using the parametrisation for the roots written in eq. (64)
and employing the properties of exponential functions, one can write the effective potential
in simple terms3.
The contribution of the fermions needs to be done in a different manner. It arises from
−iTr ln(iγµ∂µ−ytϕ). This can be written in an alternative form by squaring the operator and
by making use of the gamma-matrix properties. This then become −i/2Tr ln(− − y2tϕ2).
Then using the generalised expression in eq. (60) one gets the contribution for the fermions.
The full effective potential involves the tree-level contributions plus the quantum corrections.
The one-loop RG improved full effective action is then given by,
V
(1)
eff =
λ(t)
4
Z4φ(t)ϕ
4 +
Z4φ(t)ϕ
4
64π2
[
5
2∑
i=1
|Ai|2 ln |Ai|ϕ
2
µ¯2
+B21 ln
B1ϕ
2
µ¯2
+ 2r2 cosh(2θ) ln
rϕ2
µ¯2
+2r2θ sinh(2θ)− y4t ln
y2tϕ
2
µ¯2
+
iZ4φ(t)ϕ
4
64π
{
5|A1|2 + 2r2 cosh(2θ)
}]
, (65)
where Ai’s, B1, r and θ are dimensionless and RG-time t dependent. When θ → iθ,
cosh(2θ) → cos(2θ) and sinh(2θ) → i sin(2θ), thereby preventing the switching between
real and imaginary part.
In the following we will study the real part of the effective potential. We ignore the
imaginary part, as the imaginary part arises from the tachyonic modes of theory and is
relevant in IR. We are interested in investigating unitarity issues caused by higher-derivatives
ghosts. It should be noticed that the effective potential still posses the Z2 symmetry, as
ϕ2 = 0 is an extrema. But due to radiative corrections the real part of quantum corrected
effective potential might develop a vacuum expectation value (VeV) away from zero.
IV. SYMMETRY BREAKING
Due to RG corrections a VeV is generated in the effective potential, which then becomes
the new vacuum. The original ϕ2 = 0 vacuum becomes unstable under RG corrections and
the field migrates to the new vacuum which occur at ϕ2 = κ2. It is given by,
d
dϕ2
Re(Veff)
∣∣∣∣
ϕ2=κ2
= 0 . (66)
At the tree level our original action of the theory is scale-invariant and there is no mass-
parameter to begin with. However the mass parameter enters the system via RG running
thereby breaking scale-invariance. The effective potential so generated not only breaks scale
invariance but also breaks the Z2 symmetry. The generation of VeV consequently gives
3 The discriminant ∆ depends on RG time t, and during the RG evolution can change sign, thereby
implying that during the RG evolution θ can switch from real to imaginary and viceversa.
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mass to scalar and fermion fields. It also generates an effective Newton’s constant, beside
generating newer interactions. The generated mass and Newton’s coupling can be expressed
in terms of VeV κ2 and all the other couplings as
m2s =
3
2
λκ2 , mf = ytκ , G
−1 = 8πξκ2 . (67)
The generation of mass and Newton’s constant makes the propagators for various fields
massive. In particular the graviton propagator after the symmetry breaking is following,
Dµν,αβ = 16πG ·
[
(2P2 − Ps)µν,αβ
q2 + i ǫ
+
(Ps)
µν,αβ
q2 −M2/ω + iǫ −
2 (P2)
µν,αβ
q2 −M2 + iǫ
]
, (68)
where now G is the induced Newton’s constant and is defined using eq. (67). The masses
M2 and M2/ω are given by
M2 = 8πf 2 · ξκ2 , M
2
ω
= 8π
f 2
ω
ξκ2 . (69)
The interesting thing about the generation of Newton’s constant is that now as the propa-
gator becomes massive, so there is a spin-2 massive ghost that appears in the system, which
in the original theory was massless. In the original theory we cannot do the partial-fraction
trick in the hµν propagator, which is possible in the broken phase due the induced Newton’s
constant G. Not only the spin-2 ghost becomes massive but also the scalar mode acquires
mass through symmetry breaking. We call this massive scalar mode ‘Riccion’. It should
be pointed out that if we had taken ξ to be negative, then there will be tachyons in the
broken phase. So the presence of higher-derivatives terms and requiring no tachyons to be
generated in broken phase fixes the sign of ξ. This also generates right sign for induced
Newton’s constant. The sign of various couplings in the broken phase is then in accordance
with the sign of parameters taken in [5, 6].
At this point we compare the propagator of metric fluctuation written in eq. (17) with
the one written in eq. (68). The former is before symmetry breaking while the later is
after symmetry breaking. The former has no mass, while later contains masses. Although
the appearances of the two are different one should however be careful while counting the
propagating degrees of freedom in the two. In the later case (broken phase) it is easy to count:
two massless graviton modes, five massive-tensor ghost modes and one massive scalar mode,
thereby making eight propagating degrees of freedom. In the former case (unbroken phase)
one should count carefully. The pure C2µνρσ-gravity has six massless propagating degrees
of freedom [89, 90]. For pure R2 gravity, the theory two massless propagating degrees of
freedom as the linearised field equation (∂µ∂ν − ηµν)h = 0 shows to have fourth-order
time derivatives. Thereby totalling the degrees of freedom in unbroken phase to be eight.
This implies that the propagating degrees of freedom in both phases is same, except in
broken phase some of the modes acquire mass due to symmetry-breaking.
The generation of mass for the spin-2 ghost and scalar-mode gives us a hope to investigate
unitarity by using the criterion stated in [3, 5–8]. In the RG improved effective potential
the VeV has t-dependence. This arises because at each energy scale the effective potential
has a VeV. This translates into t-dependence of VeV. The RG running of VeV depends on
the running of the other couplings in a complicated manner. This running of VeV then
translates into running of generated Newton’s constant. The running of the VeV κ2 can
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be computed using the expression of the real part of effective potential given in eq. (65).
When ϕ2 = κ2, then we are at the minima. The minima condition written in eq. (66) then
translates into following,
d
dϕ2
Re(Veff)
∣∣∣∣
ϕ2=κ2
= Z4φ(t)κ
2
[
λ(t) + ρ1(t)
2
+ ρ2(t) + ρ1(t) ln
κ2(t)
µ¯2
]
= 0 . (70)
where,
ρ1(t) =
1
32π2
{
5
2∑
i=1
A2i +B
2
1 + 2r
2 cosh(2θ)− y4t
}
,
ρ2(t) =
1
32π2
[
5
2∑
i=1
A2i ln|Ai|+B21 lnB1 + 2r2 cosh(2θ) ln r + 2r2θ sinh(2θ)− y4t ln y2t
]
.(71)
As κ2 6= 0 and Zφ 6= 0 therefore these overall factors goes away and the residual condition
simplifies to the expression in the square bracket written in eq. (70). As κ2(t)/µ¯2 is dimen-
sionless, we call it K(t). One can then directly solve for K(t) using eq. (70) in terms of
all couplings of theory. This also gives the flow of K which is generated due to the flow of
various couplings present in the theory. We however take a t-derivative of the expression
in the square-bracket of eq. (70) to compute the beta-function of the K(t). This is needed
in checking and locating extrema of K(t). Such extrema are crucial points as will be seen
later.
dK(t)
dt
= −K(t)
ρ1(t)
[
λ′(t) + ρ′1(t)
2
+ ρ′2(t) + ρ
′
1(t) lnK(t)
]
. (72)
This is a linear first order differential equation for the lnK(t). Plugging the running of
various couplings from eq. (52, 53, 54, 55, 56) in RHS of eq. (72) we get the beta function
of K(t). This will be a very complicated function of various couplings. Using the running
of K(t) we can compute the running of the effective Newton’s constant by exploiting the
expression for induced G mentioned in eq. (67). This is given by,
dG(t)
dt
= −G(t)
[
1
ξ(t)
dξ(t)
dt
+
1
K(t)
dK(t)
dt
+ 2
]
. (73)
In order to investigate the issues of unitarity caused by higher-derivative we consider the
following combination M2/µ2. We first note that this is
M2
µ2
= 8πe3/2f 2(t) · ξ(t) ·K(t) . (74)
Taking t-derivative of this yields,
d
dt
ln
M2
µ2
=
1
f 2
df 2
dt
+
1
ξ(t)
dξ(t)
dt
+
1
K(t)
dK(t)
dt
. (75)
Similarly the expression for induced M2/ωµ2 is,
M2
ωµ2
= 8πe3/2
f 2(t)
ω(t)
· ξ(t) ·K(t) , (76)
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and the RG flow of this combination is given by,
d
dt
ln
M2
ωµ2
=
1
f 2
df 2
dt
− 1
ω(t)
dω(t)
dt
+
1
ξ(t)
dξ(t)
dt
+
1
K(t)
dK(t)
dt
. (77)
The generation of VeV also induce masses for the scalar and the fermion fields, which is
mentioned in eq. (67). Due to the running of VeV, these masses inherits a running. Then
to investigate whether these fields are physically realisable or not, we consider the flow of
combinations m2s/µ
2 and m2f/µ
2. The running of these combinations is given by,
d
dt
ln
m2s
µ2
=
1
λ(t)
dλ(t)
dt
+
1
K(t)
dK(t)
dt
,
d
dt
ln
m2f
µ2
=
2
yt(t)
dyt(t)
dt
+
1
K(t)
dK(t)
dt
. (78)
V. UNITARITY PRESCRIPTION
In this section we dictate the algorithm to choose the set of initial conditions for which
the theory will have a unitary flow. We start by analysing the RG equations given in eq.
(52, 53, 54, 55, 56). The first thing we do is to extract the running ω using the eq. (55 and
56). This is given by,
dω(t)
dt
=
f 2
π
[
5
3
ω2 +
{
183
10
+
Ns + 6Nf
60
}
ω +
5
6
+ 3Ns
(
ξ +
1
6
)2]
. (79)
From this running we notice that as the RHS is always positive therefore ω is a monotonically
increasing function of t. In [5–8] it was shown that in order to avoid tachyonic instability,
we should demand that ω ≥ 0. Here in the present scale-invariant theory we should demand
the same. This is done in order to prevent the occurrence of tachyons in the broken phase.
For every value of ξ, ω will have two fixed points.
ω1,2 = − 1
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[
221∓
√
47961− 960ξ − 2880ξ2] . (80)
ω1 is repulsive while ω2 is attractive. For ξ small both these fixed points lie in the unphysical
tachyonic regime. For large ξ the fixed points are complex conjugate with negative real part.
Since ω is monotonically increasing with t, therefore one can alternatively study the RG flows
of various parameters in terms of ω. Prevention of tachyonic instability restricts ω to lie
between zero and infinity. This then serves as a good candidate in terms of which the the
RG flows can be analysed. In [5–8] the RG flows were studied in terms of ω.
The crucial problem in overcoming the issue of unitarity is to choose the right set of initial
conditions so that throughout the RG evolution the flow remains unitary in the sense that the
ghost mass remains always above the energy scale, and the effective potential doesn’t develop
any further instability (other than the ones already present). To prevent the occurrence of
this instability requires that the coupling λ remains positive throughout the RG flow (as
negative λ will result in tachyonic instability for scalar field φ). This particularly depends on
the choice of initial condition for yukawa coupling. If the yukawa coupling is above a certain
threshold then λ becomes negative too soon during the RG evolution, making the effective
potential unstable. In standard model of particle physics this is an important instability
problem where the electroweak vacuum becomes metastable [91] (see references therein). In
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present case of scale invariant gravity, we have freedom to explore the set of initial conditions
which will give unitary evolution. So we just consider those domains where this instability
can be avoided.
In [5–8] it was observed that the RG evolution of M2/µ2 is such that its flow has a
unique minima. This was a crucial feature which allowed us to seek those RG trajectories
for which this minima is above unity. These RG trajectories are the ones for which the flow
is unitary (massive tensor mode is not physically realisable). In the present case of gravity
being induced from scale-invariant theory we seek a similar behaviour of induced M2/µ2,
where now M2 is given by eq. (69), and the flow of M2/µ2 is given in eq. (75). The flow of
M2/µ2 is much complicated in the present case and it is difficult to give a rigorous analytic
proof that there exist a minima in the RG evolution of M2/µ2. From various numerical
investigations we realised that a minima does exist in the evolution of induced M2/µ2. We
choose this minima to be our reference point and choose the initial conditions at this point
for all other couplings. The appearance of a minima in the flow induced M2/µ2 implies that
at this minima the beta-function of induced M2/µ2 will vanish,
1
f 2
df 2
dt
∣∣∣∣
t=t∗
+
1
ξ(t)
dξ(t)
dt
∣∣∣∣
t=t∗
+
1
K(t)
dK(t)
dt
∣∣∣∣
t=t∗
= 0 . (81)
Plugging the RG-flows of various coupling in this, will result in a condition satisfied by all
the couplings of theory at this minima. This will act as a constraint in choosing some of
the initial parameters. We first choose the value of M2/µ2 at this point, we call it ρ∗. We
require ρ∗ > 1.
M2
µ2
∣∣∣∣
t=t∗
= 8πe3/2f 2
∗
· ξ∗ ·K∗ = ρ∗ > 1 , (82)
where f 2
∗
, ξ∗ and K∗ are initial values of f
2, ξ and K respectively. The imposition of this
constraint makes sure that the mass of the spin-2 ghost mode remains above the running
energy scale. This will imply that one of the three unknowns f 2
∗
, ξ∗ and K∗ can be expressed
in terms of other two. We choose to write K∗ in terms of f
2
∗
and ξ∗. At this point we also
choose f 2
∗
≪ 1. Now the left unknowns are λ∗, (yt)∗, ω∗ and ξ∗. In order to choose the
matter couplings λ∗ we use our knowledge of non-gravitational system. In such system the
running λ always hits the Landau pole if the initial value of yukawa coupling is below certain
threshold, beyond which λ becomes negative leading to instability. We accordingly choose
λ∗ . 0.1.
At this point we analyse the beta-function for the coupling ξ. In this theory we have the
freedom to choose ξ to be very large (& 10). This is primarily because in the perturbation
theory the coupling strength of vertex containing n-gravitons and two scalars is ∼ ξ(
√
f 2)n
and ∼ ξ(√f 2/ω)n. Since f 2 ≪ 1, so this give us freedom to choose ξ to be very large while
still being in the realm of perturbation theory 4. For ξ large the beta-functions of various
coupling acquires a simplified form. Although the beta functions become simplified but still
they are complicated enough that it requires the analysis to be done numerically. We tend
to explore numerically this regime of parameters.
We choose to work in regime where −∆/ϕ6 = ǫ ≪ 1, where ∆ is the discriminant
mentioned in eq. (63). In this regime there will one positive root for − and a complex
4 In the case on Einstein-Hilbert gravity with only Newton’s constant G, the coupling strength is ξ(
√
G)n
for a vertex containing n-gravitons and two scalars.
25
conjugate pair with negative real part. Under the RG flow ∆/ϕ6 will also run. We choose the
initial parameters in such a way so that at the initial point ǫ≪ 1. By reversing this argument
we say that we start with ǫ ≪ 1 and solve for the initial parameters under this constraint.
This fixes the initial value problem completely. With the chosen f 2
∗
≪ 1 (. 10−6), ρ∗ > 1,
λ∗ . 0.1 and ξ∗ ≫ 1 (& 102), we use the constraint dictated by ǫ ≪ 1 to solve for ω∗.
From the four different solution for ω∗, we choose the one which real and positive (to avoid
tachyons)5. Knowledge of ξ∗ gives the initial value of K∗ by using the relation given in eq.
(82). We then plug these into the minima constraint given in eq. (81). This constraint
contains the yukawa coupling in quadratic form, and therefore on solving gives two equal
and opposite values for yt∗. One can choose either of the sign of yukawa coupling for the
initial condition. The flow of all the other couplings doesn’t depend on this sign. Once the
initial parameters are known we can solve the RG flows and compute the flow of induced
M2/µ2 to see if it remains above unity throughout the RG evolution.
VI. NUMERICAL ANALYSIS
We tried several possible values of various parameters in order to see how the flows are
for various initial conditions, and did the analysis case by case systematically.
A. Fixed λ∗
We first considered case with fixed λ∗, while we took different values for f
2
∗
, and for each
f 2
∗
we explored a range of ξ∗. Throughout this we took ρ∗ = 1.5 (there is nothing special
about this number, as long as long as ρ∗ > 1). We considered three different values for
f 2
∗
= 10−6, 10−7 and 10−8. We have freedom over the choice of −∆∗/ϕ6 = ǫ. It is seen
that with f 2
∗
fixed, when ǫ is made smaller, then ω∗ increases. However the yt∗ obtained
first decreases to a minima before rising again and becoming stable. We choose ǫ near this
minima, so that we have more number of e-folds in the RG flows. It turns out that for each
value of f 2
∗
the position of occurrence of this minima will be different. For smaller f 2
∗
, the
minima occurs at a smaller value of ǫ. Thus for f 2
∗
= 10−6, 10−7 and 10−8, the minima for ǫ
occurs around 10−12, 10−15, and 10−16 respectively. We consider these cases in succession.
The number of e-folds from the Planck’s time to current galactic scale is ∼ 130. This
stands then as another guiding principle to choose set of initial parameters. It is noticed that
when f 2
∗
is made more smaller then the allowed upper value of ξ∗ (which is chosen so that we
have & 100 e-folds) increases. This can be understood by considering the strength of vertices.
For vertex containing one graviton leg and two scalar leg, the interaction strength ∼ ξ
√
f 2.
Demanding perturbation theory to remain valid implies ξ∗
√
f 2
∗
. 1, which explains the
behaviour. We keep ξ∗ large so that there is sufficient communication between the matter
and gravity sector. In table I we tabulate our findings for f 2
∗
= 10−6, 10−7 and 10−8.
We then plot the flows of various parameters for the choice of initial parameters written
in table I. Each flow is interesting to analyse. The flow of the coupling ξ for various choices
of the initial conditions is shown in figure 5. The plot shown in figure 5 is for f 2
∗
= 10−8
5 It is noticed that if ǫ < 0, then all solutions for ω∗ will be negative and will lie in unphysical tachyonic
regime. This knowledge also demands to take ǫ > 0.
26
f2
∗
= 10
−6 f2
∗
= 10
−7 f2
∗
= 10
−8
ξ∗ ω∗ × 10
−4 yt∗ Tr ξ∗ ω∗ × 10
−6 yt∗ Tr ξ∗ ω∗ × 10
−6 yt∗ Tr
1 3.0536 0.4522 ∼ 215 102 3.0536 0.4536 & 235 102 3.0536 0.4522 & 230
10 3.0536 0.4532 ∼ 215 5 × 102 3.0536 0.4543 & 267 103 3.0536 0.4532 & 212
10
2
3.0549 0.4543 & 217 103 3.0537 4546 ∼ 437 104 3.0549 0.4542 & 235
5 × 10
2
3.0869 0.4562 & 305 2 × 103 3.0542 0.4551 ∼ 250 5× 104 3.0869 0.4562 & 305
10
3
3.1840 0.4603 ∼ 356 5 × 103 3.0569 0.4561 ∼ 120 105 3.1840 0.4603 ∼ 356
5 × 10
3
5.3737 0.5355 ∼ 60 104 3.0669 0.4587 ∼ 72 5× 105 5.3736 0.5355 ∼ 58
TABLE I: Initial values for the various coupling parameters. These are for f2
∗
= 10−6, 10−7 and
10−8. We took λ∗ = 0.1 and ρ∗ = 1.5. Here for three different values of f
2
∗
we took ǫ = 10−12,
10−15 and 10−16. As ξ∗ increase, the value of ω∗ and yt∗ increase. The number of e-folds tend to
decrease as ξ∗ increases. For smaller ξ∗ the reason we see less e-folds is due to numerical precision
of machine.
FIG. 5: Running of coupling ξ for various values of initial conditions ξ∗ = 10
2 (black solid line),
103 (grey solid line), 104 (big dashed black line), 5 × 104 (big dashed grey line) and 105 (small
dashed black line). For these flows we took f2
∗
= 10−8, λ∗ = 0.1, ρ∗ = 1.5 and ǫ = 10
−16.
only, for other values we observe similar qualitative behaviour which will not be shown here.
From the running of ξ shown in figure 5 we notice that the parameter ξ runs to smaller
values in the UV regime. This might be an indication of the possible existence of an UV
stable fixed point, but it is hard to give a robust answer in this paper. This however can be
justified by looking at the beta-function of ξ given in eq (53) whose r.h.s. can be seen to
vanish for a certain choice of coupling parameters.
The flow of matter couplings λ and yt for various initial conditions is shown in left and
right of figure 6 respectively. For smaller values of ξ∗ the flow of these couplings remain
almost same, while deviations are seen for large ξ∗. This is again plotted for f
2
∗
= 10−8,
while for other values of f 2
∗
qualitatively similar behaviour is seen. In the UV the flow of λ
is seen to bend and run toward smaller values, which is caused by the yukawa coupling.
The flow of the VeV induces a flow in the Newton’s constant. The flow of the induced
Newton’s constant for various initial conditions is shown in figure 7. The induced Newton’s
constant goes to zero in the UV and in IR. In UV it is seen to go to zero at a finite energy
scale. This is similar to the flow of Newton’s constant observed in [5–8], where the original
action was not scale-invariant and contained Einstein-Hilbert piece in the higher-derivative
action. This is somewhat interesting to note. Again this is just a numerical observation and
not a rigorous analytic argument. By varying the value of f 2
∗
we notice that the qualitative
features of the graph remains same.
Figure 8 shows the flow of parameters M2/µ2 and M2/ωµ2 in left and right respectively.
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FIG. 6: Running for matter couplings λ and yt in left and right respectively. These are plotted
for f2
∗
= 10−8, λ∗ = 0.1, ρ∗ = 1.5 and ǫ = 10
−16. We considered the following initial conditions for
ξ∗ = 10
2 (black solid line), 103 (grey solid line), 104 (big dashed black line), 5 × 104 (big dashed
grey line) and 105 (small dashed black line).
FIG. 7: The flow of the induced Newton’s constant. Here we plot ln(G/G∗) for the case f
2
∗
= 10−8,
λ∗ = 0.1, ρ∗ = 1.5 and ǫ = 10
−16. The flow is computed for five different values of ξ∗ = 10
2 (black
solid line), 103 (grey solid line), 104 (big dashed black line), 5× 104 (big dashed grey line) and 105
(small dashed black line). Both in UV and IR the flow goes very close to zero.
FIG. 8: The running of induced ln(M2/µ2) and ln(M2/ωµ2) for the case f2
∗
= 10−8, λ∗ = 0.1,
ρ∗ = 1.5 and ǫ = 10
−16. The flow is computed for five different values of ξ∗ = 10
2 (black solid line),
103 (grey solid line), 104 (big dashed black line), 5 × 104 (big dashed grey line) and 105 (small
dashed black line). In all cases it is seen that the flow has a minima. If the flow is such that we
have M2/µ2 > 1 throughout the flow, then this spin-2 ghost mode never goes on-shell, and theory
satisfies unitarity.
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FIG. 9: The running of induced ln(m2s/µ
2) and ln(m2f/µ
2) for the case f2
∗
= 10−8, λ∗ = 0.1,
ρ∗ = 1.5 and ǫ = 10
−16. The flow is computed for five different values of ξ∗ = 10
2 (black solid line),
103 (grey solid line), 104 (big dashed black line), 5 × 104 (big dashed grey line) and 105 (small
dashed black line). In all cases it is seen that the flow has a minima. If throughout the flow both
m2s/µ
2 > 1 and m2f/µ
2 > 1 then both of them never go on-shell.
The flow of M2/µ2 is such that it is always above unity (M2/µ2 > 1). This means that
the propagator of metric fluctuation after symmetry breaking doesn’t witness the ghost
pole, as the problematic ghost mode is never realised and never goes on-shell. We observe
this to happen for a large domain of coupling parameter space. A similar running of the
parameter M2/µ2 was also observed in [5–8], and was used to establish unitarity criterion
for the higher-derivative gravity. The flow of the parameter M2/ωµ2 is different from the
one observed in [5–8], where a monotonic behaviour was seen. In the present case we see a
convex structure with a single minima in the flow. If we demand that M2/µ2|
∗
> 1, then it
doesn’t imply that M2/ωµ2|
∗
> 1. However the reverse is always true i.e. M2/ωµ2|
∗
> 1
implies M2/µ2|
∗
> 1. By choosing ρ∗ to be large enough one can make the scalar mode also
physically unrealisable.
We then consider the induced masses in the matter sector and consider the flow of combi-
nations m2s/µ
2 and m2f/µ
2, where ms and mf is given in eq. (67). The induced RG running
of them is shown in figure 9. The running of these is interesting in the sense that both of
them has a minima. The value at the minima depends crucially on the initial parameters
chosen to make the flow unitary. If we choose ρ∗ large enough then it is possible that flow of
m2s/µ
2 and m2f/µ
2 will be such that the scalar and fermion will never be realised during the
whole RG flow, and they never go on-shell. In that sense they affect the theory indirectly
and only gravitationally but they never go on-shell.
B. Fixed f2
∗
In the previous subsection the case with fixed λ∗ was investigated. It is worth checking
the robustness of the qualitative features when other parameters are varied. One particular
important parameter is the λ∗. It is important to see how the situation changes when λ∗ is
increased. For this we fix the value of f 2
∗
= 10−8, ξ∗ = 10
5 ρ∗ = 1.5. We took a range of
value of λ∗ = 0.2, 0.25, 0.3, 0.35 and 0.45. Although the qualitative features are same but
there are minor differences. In each case we always witness that the running M2/µ2 has a
minima, and the flow is always above unity. This further establishes that there always exist
a minima in the flow of induced M2/µ2, and it also implies that by choosing right set of
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FIG. 10: Running for couplings λ, yt and ξ in left, centre and right respectively. These are plotted
for f2
∗
= 10−8, λ∗ = 0.2 (black solid line), 0.25 (black short-dashed line), 0.3 (grey solid line), 0.35
(grey short-dashed line) and 0.45 (black long-dashed line). We took ρ∗ = 1.5 and ξ∗ = 10
5.
FIG. 11: The running of induced ln(G/G∗), ln(M
2/µ2) and ln(M2/ωµ2) in left, centre and right
respectively. These are plotted for f2
∗
= 10−8, λ∗ = 0.2 (black solid line), 0.25 (black short-dashed
line), 0.3 (grey solid line), 0.35 (grey short-dashed line) and 0.45 (black long-dashed line). We took
ρ∗ = 1.5 and ξ∗ = 10
5.
initial condition it is possible to make the massive tensor ghost innocuous.
As the system contain a mixture of several coupling which are all evolving in different
manner, therefore the dynamics of system is rich and interesting. This becomes more ap-
parent when we plot the running of various parameters. The flow of λ, yt and ξ is shown in
figure 10. These flows are very much similar to the ones shown for fixed λ∗ in the previous
sub-section. It is seen that as λ∗ is increased the flow of ξ decrease more sharply in the UV,
and in IR the flow goes to higher values, even though starting point is same. The running of
yukawa coupling is simple, in the sense that when λ∗ increases, so does yt∗ and accordingly
the whole RG trajectory for yukawa coupling. The flow of λ is interesting. For higher λ∗,
ξ flows to higher values in the IR. This makes the λ to run faster toward zero in the IR. In
the UV the RG trajectories for λ has self-similarity.
The flow of G, M2/µ2 and M2/ωµ2 is shown in left, centre and right respectively in
figure 11. The qualitative behaviour is the same in the sense that the induced Newton’s
constant goes to zero in the UV at a finite energy scale. It goes to zero in the IR. The RG
flows for M2/µ2 and M2/ωµ2 have same qualitative features, and tensor ghost is physically
unrealisable even when we increase λ∗. Choosing appropriate ρ∗ will make the Riccion also
physically unrealisable. The RG flow of Riccion mass is different from the one seen in [5–8].
The flow of induced masses in the matter sector has similar qualitative features and is shown
in figure 12.
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FIG. 12: The running of induced ln(m2s/µ
2) and ln(m2f/µ
2) in the left and right respectively.
These are plotted for f2
∗
= 10−8, λ∗ = 0.2 (black solid line), 0.25 (black short-dashed line), 0.3
(grey solid line), 0.35 (grey short-dashed line) and 0.45 (black long-dashed line). We took ρ∗ = 1.5
and ξ∗ = 10
5. Choosing appropriate ρ∗ it is possible to make the both the scalar and fermion
unrealisable.
C. Fixing Planck’s scale
The renormalisation group invariance insures that the flow of couplings doesn’t depend
on the reference point µ0. This gave us freedom to choose the reference point without any
conditions. As a result for sake of convenience we choose it to be the point where the flow
of M2/µ2 has a minima, where the initial conditions for the flow are imposed. However
an interesting thing to ask is to how to relate it with the phenomenology? In the sense
how does the running of various parameter look like when compared to Planck’s scale MP l,
whose value is around 1.22 × 1019 GeV? This is interesting point to ponder on. For this
we study the running of induced G, which runs strongly in the UV and goes to zero. From
observations of astrophysics and cosmology we know GNewton remains constant for a large
energy range. However it is usually expected that it will undergo strong running near the
Planck’s scale. For this reason we choose MP l in the regime where induced G witnesses a
strong running i.e. near the point where induced G goes to zero. Once this is fixed one can
plot the flow of various coupling parameters and induced masses. These are presented in
figure 13 and 14.
VII. CONCLUSION
Here in this paper the idea of gravity being induced from scale-invariant theory is con-
sidered. The fundamental theory is a coupled system of scale-invariant matter and higher-
derivative gravity. The lorentzian path-integral of this fundamental theory incorporates
quantum fluctuations from both matter and gravity. The matter sector is taken to be sim-
ple (a scalar and a dirac fermion).
The effective action of the theory is computed in the 4 − ǫ dimensional regularisation
procedure. The divergent part of which gives the RG flow of the various coupling parameters
of the theory. These have been computed in past also. We did it again in order to verify
the past results. We agree fully with the past literature [26, 27]. We then compute the
one-loop RG improved effective potential of the scalar field on the flat space-time. This gets
contribution from the both the gravitational and matter degrees of freedom. This effective
potential however contains an instability which comes up as an imaginary piece in the
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FIG. 13: The running of various dimensionless couplings. For this we took f2
∗
= 10−8, λ∗ = 0.1,
ξ∗ = 10
5. We took ρ∗ = 1.5 and ǫ = 10
−16, which gave yt∗ = 0.46 and ω∗ = 3.18 × 106. Here µ is
the running energy scale.
effective potential. The straightforward interpretation of the appearance of an imaginary
piece in the effective potential is an indication that the background (flat space-time and
constant scalar background) is not stable, and will decay.
The reason for the occurrence of this instability is probed. It is found that this is purely
gravitational in nature, in the sense that it arose from occurrence of tachyonic modes in
the spin-2 gravitational sector and the gravitational scalar sector. These kind of tachy-
onic instabilities have been investigated in past [87, 88], and is a characteristic feature of
gravitational theories coupled with scalar in flat space-time. At finite temperature this in-
stability (also known as Jeans instability) results in collapse of gas of gravitons. While the
occurrence of this instability is a disturbing feature of the theory and is unavoidable, it is
however an IR problem and has no effect on the UV physics. In this paper we considered a
different feature of theory. We investigate the issue of ghost appearing due to the presence
of higher-derivative terms in the theory, which affect also the UV physics. This is done by
investigating only the real part of the effective potential and ignoring the instability caused
by the tachyonic modes.
The real part of effective potential develops a VeV. This breaks the scale symmetry and
induces mass scale, which in turn generates Newton’s constant and masses for matter fields.
The propagator of the metric fluctuation field now has mass, and in the broken phase it
is easy to see problematic massive tensor ghost of the theory which remains shrouded in
the symmetric phase. The scalar mode (Riccion) of the metric fluctuation also picks a
mass in the broken phase. The VeV has a running, which in turn induces a running in the
various parameters that are generated in the broken phase. It therefore seems sensible to
ask question on behaviour of massive tensor ghost under this running in the broken phase,
which is the most important aim of the paper.
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FIG. 14: The running of various induced masses and induced Newton’s constant. For this we
took f2
∗
= 10−8, λ∗ = 0.1, ξ∗ = 10
5. We took ρ∗ = 1.5 and ǫ = 10
−16, which gave yt∗ = 0.46 and
ω∗ = 3.18 × 106. Here µ is the running energy scale.
The induced running in the various parameters generated in the broken phase allows
to investigate the running of M2/µ2 (where M is the induced mass of tensor ghost). The
crucial task of the paper was to see whether there exist a domain of coupling parameters space
where it is possible to make M2/µ2 > 1 throughout the whole RG trajectory. Satisfactory
arrangement of M2/µ2 > 1 will imply that the massive tensor ghost is never physically
realised and never goes on-shell. This issue is however studied numerically, as the complexity
of the beta-functions and the complicated running of the induced parameters in broken phase
hinders to make analytic progress.
The last part of paper is devoted to numerically studying this issue. A prescription to
choose the set of initial conditions so thatM2/µ2 > 1 for whole RG trajectory is stated. This
involves solving certain constraints. It is realised that the flow ofM2/µ2 has a unique minima
at a certain point along the RG trajectory. The existence of such a point was analytically
proved in the context of higher-derivative gravity including Einstein-Hilbert term [5, 6], as
the RG equation were simpler. In the present paper however it is not possible to achieve
this analytically and numerical support was taken to get evidence for the existence of such
a minima. We do see that for a large domain of parameter space such a unique minima
does exist, and by requiring that M2/µ2 > 1 at this minima implies that M2/µ2 > 1 for
whole RG trajectory. This although is not a robust analytic proof but stands as a strong
evidence. We considered different set of initial conditions by varying various parameters in
a systematic fashion. In each case it was see that the minima in the flow of M2/µ2 always
exits and unitarity criterion can be met.
In this domain of coupling parameter space whereM2/µ2 > 1 for the whole RG trajectory,
the behaviour of other parameters are studied. The first important thing that is noticed
is the existence of a finite UV cutoff in the theory, which was also noticed in [5–8]. Even
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though we do the analysis in dimensional regularisation, still a cutoff emerges dynamically
from the RG equations. Beyond this point the flow cannot be continued and knowledge of
higher-loop contributions are needed. In [5–8] we showed analytically that at this point the
coupling ω diverges. In the present context we noticed this numerically. The behaviour of
matter coupling λ has an interesting flow. It is seen to increase monotonically, but in the
UV this stops and starts to decrease. This is due to yukawa coupling. The flow of yukawa
coupling yt increases monotonically, and stops when the cutoff is reached. In the case of
Rϕ2 coupling, the coupling starts to run only near the UV, where it is seen to go toward
smaller values, hinting that there might perhaps exists a stable fixed point.
The flow of the induced Newton’s constant G is interesting. It approaches zero both in UV
and IR. In UV it vanishes at finite energy scale. This was something which was also observed
in [5–8], where Einstein-Hilbert was present in the bare action of the theory and was not
induced. In that respect this is surprising that in the present picture of Einstein-Hilbert term
being induced from scale-invariant theory, the flow of the induced gravitational coupling is
qualitatively similar to the case where EH term is present in the theory to begin with. Such
vanishing of induced G is although unexpected but a welcome feature. This is opposite
to the widely known feature in Einstein-Hilbert gravity (without higher-derivatives) where
Newton’s constant becomes very large in UV. However those results cannot be trusted as they
appear in non-renormalizable theories. In the presence of higher-derivatives the situation
changes in UV. Such vanishing of Newton’s constant means that in UV, gravity decouples
from matter, although gravitational self-interactions continue to exists. Such a behaviour
will have consequences in the early universe, and also justifies the use of flat background in
the UV. This softening can also be used in addressing the Higgs naturalness problem [27].
The flow of combination M2/ωµ2 is however a bit different than what has been witnessed
in [5–8], in the sense that the function M2/ωµ2 is no longer a monotonically decreasing
function of RG time t. On the contrary it has a flow similar to M2/µ2, having a single
minima. But there is a region of RG time t over which M2/ωµ2 < 1. This is because of the
choice of initial condition M2
∗
/µ2
∗
= ρ∗ we made. This will imply that there is a range of t
where this scalar mode will be realised and will go on-shell, and outside this region it will
remain unrealised. This can play a role in early universe to drive inflation. On the other
hand the parameter ρ∗ can be chosen appropriately large in order to make this scalar mode
ghost (never goes on-shell), while still having unitarity.
The running of VeV also induces a running in the generated masses for the scalar and
fermion. To analyse whether they are physically realised or not, we studied the behaviour
of m2s/µ
2 and m2f/µ
2 respectively. It is seen that if we choose ρ∗ appropriately, then it is
possible to make them not physically realisable. They never go on-shell but do effect the
theory gravitationally.
The RG flow equations for the dimensionless couplings are gauge independent at one-
loop however at higher loop gauge dependence is expected to enter. The effective potential
is gauge-dependent which is because the hessian carries gauge dependence. This gauge
dependence then enters the VeV and any quantity which is related to VeV (induced Newton’s
constant and induced masses). In the paper we studied the problem in Landau gauge which is
a physical gauge allowing propagation of only transverse modes and suppressing longitudinal
ones. However such gauge dependence is expected not to change qualitative features. This
was explicitly seen in the case of pure higher-derivative gravity without matter [5, 6].
In the action appearing in the integrand for the lorentzian path-integral, the sign of
coefficient of C2µνρσ is taken to be negative while the sign of coefficient of R
2 is taken positive.
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This is done to avoid tachyons and make the poles (in broken phase) lie on real axis, the
inspiration of which comes from past study done in [5–8]. Such a choice further offers
necessary convergence in the lorentzian path-integral in the feynman +iǫ-prescription. This
sign choice then implies that the coupling f 2 is no longer asymptotically free different from
what is seen in path-integral defining a positive-definite euclidean theory [9, 10, 16, 30–
33] (which is an entirely different theory), but instead has a Landau pole. This Landau
singularity however appears way beyond the point where the RG flow of all couplings stops.
Also the occurrence of Landau singularity is very possibly a one-loop effect, as at higher
loops the running of f 2 gets correction thereby hinting the occurrence of fixed point [5,
6]. Moreover in this theory the dimensionless perturbative parameters f 2, f 2/ω, ξ
√
f 2,
ξ
√
f 2/ω, λ and yt remain small throughout the RG flow, thereby justifying the usage of
perturbative approximation and we don’t enter non-perturbative regimes in our analysis.
The analysis done in the paper is on a flat background. This is because any generic
background has locally flat regions allowed by (strong) equivalence principle. Also when
one is probing ultra-short distances, one can do the analysis on flat space-time, as the
perturbative UV divergences are independent of the background. Moreover, the chances
of tensor-ghost becoming physically realisable is more in UV (and nowhere else), therefore
its avoidance is important in UV, which can be investigated on a flat space-time. However
extrapolating flat space-time analysis in deep infrared can lead to erroneous conclusions. In
performing this study cosmological constant was put to zero, and was argued that it can be
maintained to be zero in a supersymmetric framework. However supersymmetry is broken in
IR and this will generate cosmological constant back again. Moreover current observations
also favours the existence of cosmological constant in order to drive the accelerated expansion
of the universe. Therefore a proper treatment of IR physics in a field theoretic language is
needed. A possible direction would be to formulate the theory on a deSitter background
[92–95] (see also [96] and references therein). This will give more accurate description of the
theory in the infrared.
The existence of tachyonic instability is a further indication that the chosen background
of flat space-time is unstable. While this is an IR effect and an unavoidable outcome of
gravitational theories coupled with scalar on flat space-time, it signals the breakdown of flat
space-time as the background. It is expected that performing the study on a curved back-
ground might address these issues. For this, one would require a more accurate description
of the formulation of field theory on curved background, and obtain the results in low energy
limit. Alternatively one may have to incorporate non-localities appropriately to deal with
IR physics [97, 98]. This is a future direction and will be considered later.
It is interesting to wonder whether the RG equations gets modified when the decoupling
of massive spin-2 ghost mode occurs, in the same manner as in flat space-time non gravi-
tational QFTs where decoupling theorem exists [99]. In flat space-time QFTs a systematic
order-by-order computation leads to decoupling of heavier modes in process occurring at
energies less than the mass of heavy particle. This theorem has been suitably extended to
the case of matter theories on curved background [83–85], where the beta-functions gets a
correction in mass-dependent scheme. For spin-2 fields the situation is a bit more involved,
as incorporating mass in a deffeomorphism invariant manner is a tricky task. A possible way
to achieve is by including higher-derivative terms in the action, which immediately brings in
ghosts. If the ghost mass however is always above the energy scale, then ghosts get avoided
due to decoupling. But this occurs in the quantum theory where RG running of the ghost
mass is always above the energy scale. This implies an effective decoupling in the sense this
35
spin-2 ghost mode never goes on-shell and off-shell it doesnt contribute to imaginary part
of amplitudes [5, 6]. But currently it is unclear how such a decoupling will modify the RG
flow equations of various parameters. This in really worthy of investigations and will be
considered in future works.
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Appendix A: Expansions
For the computation of the running of all couplings including wave-function renormalisa-
tion the background of flat space-time is sufficient. However for simplicity to compute the
running of Rφ2 coupling we employ heat kernel methods, for which we take the background
to be deSitter space-time.
For the flat background we have gµν = ηµν + hµν ,
gµν = ηµν − hµν + hµαhαν + · · · . (A1)
The expansion of
√−g is,
√−g = 1 + 1
2
h+
1
8
h2 − 1
4
hµνh
µν + · · · . (A2)
The tetrads (eaµ) are related with the metric by the following,
ηabe
a
µe
b
ν = gµν . (A3)
The inverse tetrads (ea
µ) are similarly related with the inverse metric. Using these relations
one can work out the expansion of the tetrads and inverse-tetrads in terms of the metric
fluctuation field hµν ,
eaµ = e¯
a
ρ
(
δρµ +
1
2
hρµ − 1
8
hραh
α
µ + · · ·
)
,
ea
µ = e¯a
ρ
(
δρ
µ − 1
2
hρ
µ +
3
8
hρ
αhα
µ + · · ·
)
.
(A4)
As the determinant of tetrad e is just
√−g therefore its expansion is same as in eq. (A2).
The expansion of the christoffel connection and spin connection can be performed by first
writing them in terms of metric and tetrads respectively, and then using the expansion of
metric and tetrad mentioned above to obtain their expansion.
The christoffel connection is given by,
Γα
µ
β =
1
2
gµρ[∂αgρβ + ∂βgρα − ∂ρgαβ] , (A5)
36
Its expansion in terms of the hµν around the flat background is,
Γα
µ
β =
1
2
(∂αh
µ
β + ∂βh
µ
α − ∂µhαβ)− 1
2
hµρ(∂αhρβ + ∂βhρα − ∂ρhαβ) + · · · . (A6)
The spin-connection ωµcd for torsion-free space-time has a simple expression in terms of
christoffel connection
ωadµ = e
dνeaλΓµ
λ
ν − edν∂µeaν . (A7)
The christoffel connection Γα
µ
β can be expressed in terms of tetrads and its inverse. This
when plugged in eq. (A7) gives spin-connection solely in terms of the tetrads, inverse tetrads
and derivative of tetrad,
ωadµ =
1
2
[
eaρ(∂µe
d
ρ − ∂ρedµ)− edρ(∂µeaρ − ∂ρeaµ) + ebµeaρedν(∂νebρ − ∂ρebν)
]
. (A8)
By plugging the expansion of the tetrads and inverse tetrads one can obtain the expansion
of the spin connection in terms of the metric fluctuation fields,
ωµ
ad = (e¯aθ e¯dτ − e¯aτ e¯dθ)
[
−∂θhτµ − 1
4
hθ
ρ∂µhτρ +
1
2
hτρ∂θh
ρ
µ +
1
2
hθ
ρ∂ρhτµ + · · ·
]
. (A9)
The Reimann curvature tensor is Rµν
ρ
σ = ∂µΓν
ρ
σ − ∂νΓµρσ + ΓµρλΓνλσ − ΓνρλΓµλσ. We are
interested only in the expansion of the Ricci tensor and Ricci scalar.
Rµν =
1
2
(∂ρ∂µh
ρ
ν + ∂ρ∂νh
ρ
µ −hµν − ∂µ∂νh) + ∂ρΓ(2)µ ρν − ∂µΓ(2)ρ ρν
+
1
4
[
∂λh (∂µhλν + ∂νhλµ − ∂λhµν)− ∂µhρσ∂νhρσ − 2∂λhρµ∂ρhλν + 2∂λhρµ∂λhρν
]
,(A10)
R = ∂µ∂νh
µν −h− 1
2
hµν (2∂ρ∂µh
ρ
ν −hµν − ∂µ∂νh) + ηµν
(
∂ρΓ
(2)
µ
ρ
ν − ∂µΓ(2)ρ ρν
)
+
1
4
[
∂λ(2∂σhλσ − ∂λh) + ∂ρhνλ∂ρhνλ − 2∂λhρν∂ρhλν
]
. (A11)
Appendix B: Projectors
The metric fluctuation field hµν around a general background can be decomposed into
various components by doing a transverse-traceless decomposition. This is equivalent to
doing decomposition of a vector into transverse and longitudinal components. For the met-
ric fluctuation field hµν around a flat background, this decomposition can be written in
momentum space as,
hµν = h
T
µν + ι (qµξν + qνξµ) +
(
ηµν − qµqν
q2
)
s +
qµqν
q2
w . (B1)
where the various components satisfies the following constraints,
hTµ
µ = 0 , qµhTµν = 0 , q
µξµ = 0 . (B2)
Here hTµν is a transverse-traceless symmetric tensor, ξµ is a transverse vector and s and w
are two scalars. This decomposition can be neatly written by making use of flat space-time
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projectors, which projects various components of hµν field into h
T
µν , ξµ, s and w respectively.
These projectors are written in terms of the following two projectors,
Lµν =
qµ qν
q2
, Tµν = ηµν − qµ qν
q2
. (B3)
These are basically the projector for projecting out various components of a vector field.
They satisfy qµTµν = 0 and q
µLµν = qν . Using them the projectors for the rank-2 tensor
field can be constructed. These are given by,
(P2)µν
αβ =
1
2
[
Tµ
αTν
β + Tµ
βTν
α
]− 1
d− 1TµνT
αβ , (B4)
(P1)µν
αβ =
1
8
[
Tµ
α Lν
β + Tµ
β Lν
α + Tν
α Lµ
β + Tν
β Lµ
α
]
, (B5)
(Ps)µν
αβ =
1
d− 1Tµν T
αβ , (B6)
(Pw)µν
αβ = Lµν L
αβ . (B7)
The projectors for spin-2, spin-1, spin-s and spin-w form an orthogonal set. In the scalar
sector there are two more projectors (which are not projectors in the strict sense), which
along with spin-s and spin-w projectors form a complete set. They are given by,
(Psw)µν
αβ =
1√
d− 1Tµν L
αβ , (B8)
(Pws)µν
αβ =
1√
d− 1Lµν T
αβ . (B9)
The projectors in eqs. (B4, B5, B6 and B7) forms a complete set in the sense that their sum
is unity.
(P2)µν
ρσ + (P1)µν
ρσ + (Ps)µν
ρσ + (Pw)µν
ρσ = δρσµν , (B10)
where δρσµν = 1/2(δ
ρ
µδ
σ
ν + δ
ρ
νδ
σ
µ). Each of these projectors when act on hµν projects out various
spin components of the tensor field.
(P2)µν
ρσ hρσ = h
T
µν , (P1)µν
ρσ hρσ = ι (qµξν + qνξµ) ,
(Ps)µν
ρσ hρσ = (d− 1)Tµνs , (Pw)µνρσ hρσ = Lµνw . (B11)
If the projectors P2, P1, Ps and Pw are written as P22, P11, Pss and Pww respectively, then
all the projectors (including Psw and Pws) satisfy the following algebra,
PijPmn = δjmPin , (B12)
where i, j, m and n= {2, 1, s, w}.
Appendix C: Matter Propagator and Vertices
Here we write the propagator for matter fields and vertices of the action given in eq.
(2). These are obtained by doing the second variation of the action with respect to various
fields. The first line of eq. (2) gives the graviton propagator which is mentioned in eq.
(17), while the second line of eq. (2) gives the propagator for the matter fields and various
graviton-matter, matter-matter vertices. In the following we will be obtaining them one by
one.
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1. Propagators for Matter fields
Here we write the inverse propagators for the various matter fields. These are obtained
by doing the second variation of the action of the theory with respect to various fields. The
mixed terms in such kind of variation will be treated as interaction terms. From the second
variation of the action given in eq. (19) one can pick the terms corresponding to the scalar
and fermion propagator. The operator whose inverse correspond to scalar propagator is,
∆s = −∂2 . (C1)
In the case of fermions the relevant inverse operator is given by,
(∆F )ab = iγ
ρ
ab∂ρ . (C2)
2. Vertices
Here we specify the various vertices that are relevant for our one-loop computations.
These can be categorised in 3 parts: (a) vertex with two internal graviton lines, (b) vertex
with one internal graviton line and one internal matter line, and (c) vertex with two internal
matter lines.
a. Gravity-gravity
In these vertices there are two internal graviton lines. In the following the term V µνρσ
comes from scalar field action, while the term Uµνρσ comes from fermion field action. The
vertices are depicted in figure 15.
∫
ddxhµν(V
µνρσ + Uµνρσ)hρσ
V µνρσ =
1
4
(ηµνηρσ − ηµρηνσ − ηµσηνρ)
{
1
2
(∂ϕ)2 − λ
4
ϕ4
}
− 1
2
ηρσ∂µϕ∂νϕ
+ησν∂µϕ∂ρϕ− 1
2
ξϕ2
{
−ηνσ∂µ∂ρ + 1
4
(ηµρηνσ + ηµσηνρ − 2ηµνηρσ)+ ηµν∂ρ∂σ
}
−ξ
{
ϕ∂µϕ(ηνρ∂σ − 2ηρσ∂ν)− 1
4
ϕ∂αϕ (3(ηµρηνσ + ηµσηνρ)− 2ηµνηρσ) ∂α
}
+
1
2
ξ(∂νϕ∂βϕ+ ϕ∂ν∂βϕ)(ηµρδσβ + η
µσδρβ) , (C3)
Uµνρσ =
i
4
(ηµνηρσ − ηµρηνσ − ηµσηνρ)θ¯γτ∂τθ − i
2
ηµν θ¯γρ∂σθ +
3i
4
ησν θ¯γρ∂µθ
− i
8
ησν θ¯γτ [γµ, γρ]θ∂τ +
i
4
θ¯γρ[γµ, γσ]θ∂ν − i
4
ηνσ∂α
{
θ¯γρ[γα, γµ]θ
}− i
4
ηµν θ¯γρ[γα, γσ]θ∂α
−1
4
ytϕ(η
µνηρσ − ηµρηνσ − ηµσηνρ)θ¯θ . (C4)
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FIG. 15: Various vertices containing two internal graviton lines. Here the dashed line is scalar,
solid line with arrow is fermion, while double line depicts graviton. The lines ending with circle
containing cross are external legs.
FIG. 16: Various vertices containing one internal graviton line and one internal scalar leg. Here
the dashed line is scalar, solid line with arrow is fermion, while double line depicts graviton. The
lines ending with circle containing cross are external legs.
b. Gravity-scalar
Here we write the vertex which has one internal graviton line and one internal scalar line.
This vertex gets contribution from both scalar and fermion field actions. These vertices are
depicted in figure 16.
∫
ddx [hρσ(Vhφ)
ρσχ+ χ(Vφh)
µνhµν ]
(Vhφ)ρσ = −λ
2
ϕ2ηρσϕ+
1
2
ηρσ∂αϕ∂
α − ∂ρϕ∂σ − ξ {∂ρ∂σϕ+ ∂ρϕ∂σ + ∂σϕ∂ρ + ϕ∂ρ∂σ}
+ξηρσ(ϕ+ 2∂αϕ∂
α + ϕ)− 1
2
ηρσytθ¯θ , (C5)
(Vφh)µν = −λ
2
λϕ2ηµνϕ− 1
2
ηµν∂βϕ∂
β − 1
2
ηµνϕ + ∂µϕ∂ν + ∂µ∂νϕ
−ξϕ(∂µ∂ν − ηµν)− 1
2
ηµνytθ¯θ . (C6)
c. Gravity-fermion
Here we write the vertex that contain one internal graviton line and one internal fermion
line. These vertex comes only from the fermion field action. These vertices are depicted in
figure 17. ∫
ddx
[
η¯d(Vψ¯h)
ρσ
d hρσ + hµν(V
T
hψ¯)
µν
c η¯
T
c
]
,
(Vψ¯h)dρσ =
i
2
(ηρσγ
τ
de∂τθe − (γρ)de∂νθe)−
i
4
(γρ[γ
α, γσ])deθe∂α − yt
2
ϕηρσθd , (C7)
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FIG. 17: Various vertices containing one internal graviton line and one internal fermion leg. Here
the dashed line is scalar, solid line with arrow is fermion, while double line depicts graviton. The
lines ending with circle containing cross are external legs.
(V Thψ¯)
µν
c = −
i
2
{
ηµν∂τθe(γ
Tτ )ec − (∂νθTe )γTµec
}− i
4
(∂αθ
T
e ){[γµT , γαT ]γνT}ec
− i
4
(θTe ){[γµT , γαT ]γνT}ec∂α +
1
4
ηµνytϕθ
T
c . (C8)
∫
ddx
[
hµν(Vhψ)
µν
a ηa + η
T
a (V
T
ψh)
ρσhρσ
]
,
(Vhψ)
µν
c =
i
2
{
ηµν θ¯eγ
τ
ec∂τ − θ¯eγνec∂µ
}
+
i
4
{
(∂αθ¯e)(γ
ν [γα, γµ])ec + θ¯e(γ
ν [γα, γµ])ec∂α
}
−yt
4
ηµνϕθ¯c , (C9)
(V Tψh)
ρσ
b =
i
2
{
ηρσγTτbe (θ¯
T
e ∂τ + ∂τ θ¯
T
e )− γTσbe (θ¯Te ∂ρ + ∂ρθ¯Te )
}
+
i
4
([γTρ, γTα]γTσ)beθ¯
T
e ∂α
+
yt
2
ηρσθ¯Tb ϕ . (C10)
d. Matter-matter
Here we write the vertices which has two internal matter lines. These will be either
both scalar lines, one scalar and one fermion line or both fermion lines. These vertices are
depicted in figure 18.∫
ddx
[−χ(Vs)χ+ η¯a(Vψ¯ψ)abηb + ηTa (V Tψ¯ψ)abη¯Tb
+η¯a(Vψ¯φ)
aχ + χ(V Tψ¯φ)
bη¯Tb + χ(Vφψ)
bηb + η
T
a (V
T
φψ)
aχ
]
Vs = 3λϕ
2 , (C11)
(Vψ¯ψ)
ab = −ytϕδab , (V Tψ¯ψ)ab = ytϕδab , (C12)
(Vψ¯φ)
a = −ytθa , (V Tψ¯φ)a = ytθTa (C13)
(Vφψ)
b = −ytθ¯b , (V Tφψ)b = ytθ¯Tb . (C14)
Appendix D: Cubic Equation
Here we will consider the roots of generic cubic equation with real coefficients. Such an
equation emerges in section. III while computing the contribution to the scalar effective
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FIG. 18: Various vertices containing two internal matter legs (scalar-scalar, scalar-fermion,
fermion-fermion). Here the dashed line is scalar while solid line with arrow is fermion. The
lines ending with circle containing cross are external legs.
potential from the scalar sector of theory. In order to compute the contribution of the scalar
to the effective potential we need analyse a cubic equation in − operator written in eq.
(62). Here in this section we will consider a generic cubic equation of the form
az3 + bz2 + cz + d = 0 . (D1)
By a change of variable z = u− b/3a, this equation becomes a depressed cubic
u3 − ∆0
3a2
u+
∆1
27a3
= 0 , (D2)
∆0 = b
2 − 3ac , ∆1 = 2b3 − 9abc + 27da2 . (D3)
By choosing u = v +∆0/9a
2v, this equation can be converted in to a quadratic equation in
v3
v6 +
∆1
27a3
v3 +
∆30
729a6
= 0 . (D4)
This quadratic equation can be solved by known algebraic methods and has two roots. The
nature of roots can be determined by the sign of the discriminant of this quadratic equation.
− 27a2∆ = ∆21 − 4∆30 , (D5)
where ∆ was also defined in eq. (63). The two roots of the quadratic equation will be given
by,
v3 =
−∆1 ±
√
∆21 − 4∆30
54a3
=
1
27a3
l31,2 . (D6)
This can be solved easily by taking cube-root. Here there will be three roots for v. Corre-
sponding to each cube-root we have a root for the eq. (D1), which is obtained by plugging
v back in to u and z. The three roots will be given in terms of l1 and l2
z1 =
1
3a
(−b+ l1 + l2) ,
z2 =
1
3a
(−b+ e2πi/3l1 + e4πi/3l2) ,
z3 =
1
3a
(−b+ e4πi/3l1 + e2πi/3l2) . (D7)
In the case when the discriminant ∆21 − 4∆30 > 0, we have one real root and a complex
conjugate pair. In this case we can write the exponentials in terms of sine and cosine
functions. One can then write the real and imaginary part of these roots. This complex
conjugate pair can be written in polar form also with
r =
1
3a
√
b2 + l21 + l
2
2 − 2 cos(
2π
3
)(bl1 + bl2 + l1l2) ,
tan θ =
sin(2π/3)(l1 − l2)
−b+ cos(2π/3)(l1 + l2) , with −
π
2
≤ θ ≤ π
2
. (D8)
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In the case when the discriminant ∆21− 4∆30 < 0, we have a complex conjugate pair of roots
for v3, meaning l1 and l2 will be complex conjugate. This will imply that expression for z1,
z2 and z3 are real. However now θ appearing in eq. (D8) will be imaginary.
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